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SU~Y 

In chapter I the concept of Pad~ approximants is generalized for nonlinear operators 

F: X ~ Y where X is a Banach space and Y is a commutative Banach algebra, starting 

from analyticity as is done in the classical theory. The generalization is such that 

the classical univariate Pad~ approximant ~X = N = Y) is a special case of the theory. 

We discuss the existence and unicity of a solution of the Pad~-approximation problem 

of order (n,m) for F and prove that a lot of the properties for univariate Pad~ appro- 

ximants remain valid: several covariance properties, recurrence relations, the epsi- 

lon algorithm , the qd-algorithm, the structure of the Pad~ table, criteria for regu- 

larity and normality of an entry of the Pad~ table. We are also able to prove a pro~ 

jection property and a product property. 

In chapter II the multivariate Pad~ approximants (X = ~P, Y = ~) are studied more 

extensively. We prove for instance the nontriviality of a solution of the Pad~-appro- 

ximation problem and the near-Toeplitz structure of the homogeneous system of equations. 

Also an extra covariance property and more recurrence relations are formulated. The 

multivariate Pad~ approximants introduced here are compared with other definitions of 

Pad~ approximants for multivariate functions given by different authors in the last 

few years. Our definition turns out to be an interesting generalization too. 

Most of the applications are discussed in chapter III, except the acceleration of con- 

vergence of a table with multiple entry which is done by means of multivariate Pad~ 

approximants and therefore added to chapter If. 

As far as the nonlinear operator equations are concerned, we treat the solution of 

nonlinear systems of equations, initial value problems, boundary value problems, 

partial differential equations and integral equations. An interesting procedure, espe- 

c~ally in the neighbourhood of singularities, is the Halley-iteration which is newly 

introduced here. Its numerical stability for the solution of a system of nonlinear 

equations is formulated at the end of chapter Ill. 



CHAPTER I : ABSTRACT PADE APPROXLMANTS IN OPERATOR THEORY 

§ I .  MOTIVATION 

Pad6 approximants are a frequently used tool for the solution of mathematical problems: 

the solution of a nonlinear equation, the acceleration of convergence, numerical inte- 

gration by means of nonlinear techniques, the solution of ordinary and partial diffe- 

rential equations. In the neighbourhood of singularities the use of Pad6 approximants 

can be very interesting. 

Many attempts have been made to generalize the concept of Pad6 approximants in some 

sense; we refer to definitions of multivariate Pad6 approximants by Bose [ 7] , Chisholm 

[ II, 12, 13, 14] , Karlsson and Wallin [32] , Levin [34] and Lutterodt [37] , to quadratic 

approximants and their generalizations [ 45, 21] , to operator Pad6 approximants for 

formal power series in a parameter with non-cor~nuting elements of a certain algebra 

as coefficients [4], to matrix-valued Pad6 approximants [ 3, 46], to Pad6 approximants 

for the operator exponential [17] and so on. 

It would be important to generalize the concept of Pad6 approximants for nonlinear 

operators, following the ideas of the classical theory, for this would enable us to 

prove a lot of the classical properties for the generalizations as well and it would 

also enable us to use those generalizations for the solution of nonlinear operator 

equations, these are more general problems than the ones we solved with the aid of 

univariate Pad6 approximants; we mention nonlinear systems of equations, nonlinear 

initial value and boundary value problems, nonlinear partial differential equations 

and nonlinear integral equations. 

Such a generalization is treated here. 

§ 2. INTRODUCTION 

2. I ° Banach spaces and Banach algebras 

In ordinary analysis we work with the real or complex number system. Here we shall 

work in complete normed spaces which are generalizations of these number systems. 

Since linear spaces may consist of such interesting mathematical objects as vectors 

with a finite or infinite number of components or ~mctions that satisfy given con- 

ditions, we shall be able to deal with a wide variety of problems. 

In abstract terms, a linear vector space X over the scalar field A (where A is ]R or 

E) is a set of elements with two operations, called addition and scalar multiplica- 

tion, which satisfy certain conditions: 



a) the set X is a cor~nutative group with respect to the operation of addition ( we 

shall denote the unit for the addition by O) 

b) for any scalars h, v in A and any elements x, y in X, the following rules hold: 

Xx(X 

].x= x 

O , X = O  

(~+~)x = Xx+~x 

X(x+y) = Xx+ky 

The algebraic structure of a linear space is similar to that of the real or complex 

number system. However, to deal with other concepts of theoretical and computational 

importance, such as accuracy of approximation, convergence of sequences, and so on, 

it is necessary to introduce additional structure into such spaces. 

X is called a normed linear space if for each element x in X, a finite non-negative 

real number IINI, called the norm of x, is defined and the following conditions are 

satisfied: 

a )  llxll = o i f  a n d  o n l y  i f  x = 0 

b)  IlXx!l = IX l  Ilxll 

c )  II x+ytl  ~ II xll + II 711 

In the solution of many problems the basic issue is the existence of a limit x* of an 

infinite sequence {x i} of elements of X. A normed linear space X is said to be complete 

if every Cauchy sequence of elements of X converges to a limit which is an element of 

×. Such a complete normed linear space is called a Banach space. 

Some Banach spaces have the property that the product xy of two elements of the space 

is defined and is also an element of the space. Such a Banach space is called a Banach 

algebra if 

I I x~ l  ~ I l x l l . l t ~ l  

A Banach algebra is said to be conmutative if 

xy = yx 

and we say that it has a unit for the multiplication, which we shall denote by I, if 

x.I = x = l.x 

The spaces NP and ]2 p for example are Banach algebras with unit if the multiplication 

is defined component-wise. 

2.2. Linear and multilinear operators 

Many mathematical operations which transform one vector or function intoanother have 

certain simple algebraic properties. We shall now discuss such operators. 

An operator L which maps a linear space X into a linear space Y over the same scalar 

field A so that for each x in X there is a uniquely defined element Lx in Y, is called 

linear if it is 



a) additive: L(x1+x2) = Lx I + Lx 2 

b) homogeneous: L(Xx) = ~Lx 

If X=~ p and Y=IR q then a linear operator L has a unique representation as a qx~ matrix. 

Another example of a linear operator is furnished by differentiation; the operator 

D~t maps X=C'([O,~]) into Y=C([0,1]) with 

Dx (t) dx = ~ - ~  = y ( t )  

I f  X and Y a r e  l i n e a r  s p a c e s  ove r  a con~non s c a l a r  f i e l d  i , t h e n  t h e  s e t  o f  a l l  l i n e a r  

o p e r a t o r s  from X i n t o  Y becomes a l i n e a r  space  o v e r  A i f  a d d i t i o n  i s  d e f i n e d  by 

(LI+L2)x = Llx+L2x 

and s c a l a r  m u l t i p l i c a t i o n  by 

(kL)x = X(Lx) 

The norm o f  a l i n e a r  o p e r a t o r  L i s  d e f i n e d  by 

11LII = sup fl L>~I 
II ~l =1 

and t h e  o p e r a t o r  L i s  c a l l e d  bounded i f  IILII < ~. 

We know t h a t  a c o n t i n u o u s  l i n e a r  o p e r a t o r  L from a Banach space  X i n t o  a Banach space  

Y i s  bounded [41 pp. 381 and a l s o  t h a t  

II Lz41 ~ II LII. II xtl 

C l e a r l y  t he  s e t  L(X,Y) of  a l l  bounded l i n e a r  o p e r a t o r s  from a Banach space  X i n t o  a 

Banach space  Y i s  a Banach space  i t s e l f .  So we may c o n s i d e r  l i n e a r  o p e r a t o r s  which map 

X i n t o  L(X,Y). For such an o p e r a t o r  B and f o r  x I and x 2 in  X, we would have 

Bx 1 = L 

a l i n e a r  o p e r a t o r  from X i n t o  Y, and 

Bxlx 2 = (Bx l )x  2 

an e l emen t  of  Y. 

The o p e r a t o r  B i s  c a l l e d  a b i l i n e a r  o p e r a t o r  from X i n t o  Y. S ince  t he  bounded l i n e a r  

o p e r a t o r s  from X i n t o  L(X,Y) form t h e m s e l v e s  a l i n e a r  space  L(X,L(X,Y)) which we s h a l l  

deno te  by L(X2,y), t h e  f o r e g o i n g  p r o c e s s  cou ld  be r e p e a t e d ,  l e a d i n g  to  a whole  h i e r a r c h y  

of  l i n e a r  o p e r a t o r s  and space s .  These c l a s s e s  of  o p e r a t o r s  p l a y  a fundamenta l  r o l e  i n  

t he  d i f f e r e n t i a l  c a l c u l u s  i n  Banach space s .  

A k - l i n e a r  o p e r a t o r  L on X i s  an o p e r a t o r  L:X k + Y which i s  l i n e a r  and homogeneous i n  

each  of  i t s  a rguments  s e p a r a t e l y .  I f  x l= . . .=Xk=X , we s h a l t  use  t he  n o t a t i o n  

Lx k = Lx 1 • . .  x k 

We w r i t e  L (xk ,y )  f o r  t h e  s e t  o f  a l l  bounded k - l i n e a r  o p e r a t o r s  from X i n t o  Y. 

We d e f i n e  a o - l i n e a r  o p e r a t o r  on X to  be a c o n s t a n t  f u n c t i o n ,  i . e .  f o r  y f i x e d  in  Y, 

we have 

Lx = y f o r  a I1  x in  X 

The s e t  L(X°,Y) i s  i d e n t i f i e d  w i t h  Y. 

I f  L ( L ( x k , y )  and x 1 , . . , , x g  ( X w i t h  k >_ g ~ 1 then  

Lx I " " ' xg 

i s  a bounded ( k - g ) - l i n e a r  o p e r a t o r .  



• k 
In general the elements Lx .... x~ and Lx .... x with (xl,...,x~) in X and (i~,...,I~) 

i K 1 i k f K i 

a permutation of (1,...,k) are different! so tNat actually k! k-linear operators are 

associated with a given k-linear operator L. 

But if 

L xl...x k = L x .... x. 
11 i k 

for all (x I .... ,x k) in X k and for all permutations (i I .... ,i k) of (] .... ,k) [41 pp. 

103-104] then the k-linear bounded operator L is called symmetric. 

If Y is a Banach algebra, multilinear operators can also be obtained by forming tensor- 

products. 

Definition 1.2.1.: 

Let F : X ~ Y and G : X ~ Y be operators. 

The product F.G is defined by (F.G)(x) = F(x).G(x) in Y. 

Definition 1.2.2.: 

Let XI, ..., Xp, ZI, ..., Zq be vector spaces m~d let 

F : X I × ... × Xp ~ Y be bounded and p-linear and 

G : Z I × ... x Zq ~ Y be bounded and q-linear. 

The tensorproduqt F ® G : X I .... × % x Z I x ... × Zq 

is bounded and (p+q)-linear when defined by 

(F ® G) x I ... Xp zl...z q = F x I ... Xp . Gz I ... Zq 

[23 pp. 318]. 

-,y 

2.3. Fr~ahet-derivatives 

An operator F from X into Y is called nonlinear if it is not a linear operator. 

Now suppose that F is an operator that maps a Banach space X into a Banach space Y. 

If L in L(X,Y) exists such that 

lira llF(Xo+AX) - F(x o) - i~xll = o 

II A~I ~o 
IIA~I 

then F is said to be Fr6chet-differentiable at Xo, and the bounded linear operator 

L = F' (Xo) 

is called the first Fr~chet-derivative of F at x . 
o 

Note that the classical rules for differentiation, like the chain rule still hold 

for Fr6chet differentiation. In practice, to differentiate a given nonlinear operator 

F, we attempt to write the difference F(Xo+AX ) - F(Xo) in the form 

F(Xo+aX ) - F(Xo) = L(Xo,AX)aX + n(xo,ax ) 



where L(Xo,~X ) is a bounded linear operator for given x ° and ~x with 

lira L C x , ~ )  = L E LCX,Y) 

and 

lh (x o, ~x) II 
l im = o 

II ~xll~ II ,~xll 

To illustrate this process, con~ider the operator F in C([0,I]) defined by 

I t x(s) ds 0 < t < I F(x) = x ( t )  f ~ _ _ 
0 

The d i f f e r e n c e  F(xo+~x) - F(Xo) equa l s  

1 1 t 
Xo(t ) of t I t ~x(s)  ds + ~x( t )  f s-~ Xo(S) ds  + ~x( t )  f ~ ~x(s)  ds 

0 0 

So t h e  o p e r a t o r  L(Xe,~X) equa l s  
t I t  I t 

Xo(t)  f 0 ~ ]ds + [ ] f ~ Xo(S ) ds + [ ] f ~ ~ x ( s ) d s  
0 0 

where [ ] i s  a place ho lder  and is  used to ind ica te  the pos i t i on  of  the argument of  

the operator L (x o,Ax) - 

Now L(Xo,AX) is a continuous function of Ax; so we may set Ax = 0 to obtain F' (x o) = L: 

I t I t. 
F'(Xo) = Xo(t  ) of ~ ]ds  + [ ] f ~ Xo(S ) ds 

0 
~ere now [ ] indicates the position of the argument of the linear operator F' (Xo). 

Suppose that an operator F from X into Y is differentiable at x ° and also at every 

point of the open ball B(xo,r) with centre x ° and radius r >o. For each x in B(xo,r) 

F' (Xo) will be an element of the space L(×,Y). Consequently F' may be considered to 

be an operator defined in a neighbourheod of x o. We know that F' will be differentiable 

at x if a bounded linear operator B from X into L(X,Y) exists such that 
o 

lim IIF' (Xo+~) - F' (Xo) - I~>dl = o 

II Axl140 
11A~I 

Such a bounded linear operator B is known to be a bilinear operator and if it exists, 

it is called the second derivative of F at x ° and denoted by F"(x o) = B. Thus the 

second derivative of an operator F is obtained by differentiating its first derivative 

F'. Now it is possible to give an inductive definition of higher derivatives of an 

operator F. 

2.4. Abstract polynomial s 

If L is a k-linear operator from a Banach space X into a Banaah algebra Y, then the 

operator P from X into Y defined by 



P(x) = Lx k for x in X 

is a nonlinear operator. In this way we can define abstract polynomials. 

Definition 1.2.3.: 

An abstract polynomial is a nonlinear operator P : X ~ Y such that 

P(x) = A n X n + An-I xn-1 + " ' "  + Ao with  

A i ~ L(X i, Y) and A i syrmmtric [47 p. 107]. 

The degree of P(x) is n. We also introduce the following notations. 

If there exists a positive integer J] such that for all o < k < J]: Ak xk _ ~ 0 and 
J] 

Ajlx ~ 0 then aoP = Jl is called the order of the abstract polynomial P. 

If there, exists a positive integer J2 such that for all J2 < k ~ n: Ak xk ~ 0 and 

Aj2x32 ~ 0 then aP = J2 is called the exact degree of the abstract polynomial P. 

Abstract polynomials are differentiated as in elementary calculus: if P(x) '= 

Ax n + An_1 xn-1 + ... + A ° then the Fr6chet-derivatives of P at x ° are 

= x n-1 + 2 A 2 x + A I ~ L(X, Y) P' (Xo) n A n o .... o 

x n-2 + 2 A 2 E L(X 2, Y) P(2)(Xo) = n ( n - ] )  A o + " ' "  

P (n) (xo)  = n! A n ( L(X n,  Y) 

We emphasis  t h e  f a c t  t h a t  f o r  an o p e r a t o r  F: X ~ Y, t h e  k t h  F r 6 c h e t - d e r i v a t i v e  a t  Xo, 

F(k) (xo  ) ,  i s  a s ) m ~ e t r i c  k - l i n e a r  and bounded o p e r a t o r  [41 pp.  1]O]. Examples o f  ab-  

s t r a c t  po lynomia l s  and k th  F r 6 c h e t - d e r i v a t i v e s  o f  a n o n l i n e a r  o p e r a t o r  can be found 

in § 3. of this chapter. 

We can easily prove the following important lermaas for abstract polynomials. 

Lermna 1.2,].: 

Let the abstract polynomial P be given by P(x) = 

If P(x) ~ 0 then A. = 0 for i = o,...,n. 
1 

n 
A.x I. 

i= 0 1 

Len~na I. 2.2. : 

Let V be an abstract polynomial and U a continuous operator with D(U) ~ ~. 

If U(x).V(x) _= 0 then V(x) ~ O. 

Proof: 

Since D(U) ~ ~, we can find x ° in X such that U(Xo) is regular. 



For the abstract polynomial g(x) we can write 

n 
V(x) = E ~-.I~ v(k) (Xo) (x- Xo )k [41 pp. III] 

k=o 

with@! V(°) (Xo) (x - Xo)°= V(Xo) 

Now U(Xo) .V(Xo)  = 0 and so V(Xo) = O. 

Since U is continuous, D(U) is an open set. Thus there is an 

open ball B(Xo, r) with centre x ° and radius r > o, such that 

B(x o, r) c D(U), in other words such that for all x in B(Xo, r): 

U(x) is regular. 

This implies that for all x in B(Xo, r) : V(x) = O. 

For V' (Xo) we can write 

lim IIV(x°+h) - V(x°) - V' (xo)hli 
= O 

tIhtl~o Ilhll 

Or e q u i v a l e n t l y  f o r  t!hII < r 

IN'  (xo)  hll 
lim " = o 
IIhII-~o llhll 

So W > o, 36 > o: IIhfl < y = min(~,r) = IN'(Xo)h[l m ~llhII 

Take x in X\{O}. Then II~Y IIxl] -l xll < Y and so 

jjv, tj tr tJ tl It-  xjj 

Y 
or equivalently, since2-~> o 

IIV'(x o) xtl-< ~l!xll 

For  x = O a l s o  ] lV ' (x  o) xJI 5 ¢tJxll 

Now IIV'(x o) ll = i n f { M  -> o I IlV' (Xo) xll -< MllxI1 

and  t h u s  ( 1 . 2 . 1 )  i m p l i e s  IIV' (Xo)fl = o .  

f o r  a l l  x i n  X} 

(i.z.1) 



For  e v e r y  x in  X we have  now llV'(Xo) xll 5 [lV'(Xo)[!./lxll = o 

and so  V ' ( x j v  x ~ O o r  V ' ( x o )  = O as  o p e r a t o r  X - Y .  

To p r o c e e d ,  t ake  x in  B ( x o , r  ) .  A r a d i u s  r ° > o e x i s t s  s u c h  t h a t  

f o r  e v e r y  y in  B(x,  ro )  c B(Xo, r  ) : V(y) = 0 

So we can  p r o v e  t h a t  f o r  a l l  x in  B(x o ,  r )  : V ' ( x )  = O. 

R e p e a t i n g  t h e  p r e v i o u s  p r o c e d u r e ,  

we can now p r o v e  t h a t  V (2) (Xo) = O. 

And so  on t i l l  we have  V (n) (Xo) = 0 and t h u s  V(x) ~ O. 

Ler~aa I .  2 .3 .  : 

v 2 

Let the nontrivial abstract polynomials V and W be given by V(x) = Z V.x I 
w 2 , i=v I i 

and W(x) = Z W.x J with ~o V = v I and 8V = v2, 8 ° = w I and BW = w 2. 
• j 
] =w 1 

If D(V) ~ ~ and Y is a commutative Banach algebra without nilpotent elements, 

then oW < ~(V.W) - v I 

P r o o f :  

If V(x) or W(x) are monomials, the proof is trivial. 

Write 3o(V.W ) = p] and o(V.W) = P2; we always have that 

v1+wl -< Pl ~ P2 -< v2 + w2" 

Suppose ~W _> ~(V.W) - v I + 1. 

v w 2 
Then fV x 2 . W x _-- O 

v 2 w 2 

w 2 - 1 v 2- ] 

W 2  x v2 . Ww2_I x + W2_1 x . Ww2 
w 2 

x e O  

p2+l-Wl 

.%2+i_wi x . Wwl 

w I v 1 P2+1-v1 
x + . . .  + Vvl x . %2+1=v  1 x ~0 

with p2 +1 _< w2+v I. 

This implies 



w 2 
Iv h x h . ~ 2  x ~ o 

v2-1 w 
x 2)2 

Vvz-1 x %2 _=0 

x v ] w 2 1+v2-v ] V v l  " % z  x ) ~ o 

2 l+v2-v1 
and t h u s  V(x) . ( W  2 ) ~ O 

w 2 
S ince  Y c o n t a i n s  no n i l p o t e n t  e l e m e n t s :  N x ~ O. 

w 2 

T h i s  c o n t r a d i c t s  8W = w 2. 

The f o l l o w i n g  example w i l l  i l l u s t r a t e  t h a t  f o r  len~na 1 .2 . 5  we r e a l l y  need a commuta t ive  

Banach a l g e b r a  Y w i t h o u t  n i l p o t e n t  e l e m e n t s .  t(ao o) 
Consider Y = a 2 a I 0 al, a2, a 3 ~ N normed by 

a 3 a 2 a I 

<a0 0)i 
a 2 a] 0 

a 3 a 2 a I 

= 3 m a x ( / a  1 t ,  ta 2 t ,  la 3 I ) .  

It is easy to verify that Y is a cormutative Banach algebra. 

Let X = IR. 

Take V(x) = 

(_too) (ooo) 
0 -I 0 + x 0 0 

0 0 -I 0 x 0 

(ooo) (o0o) 
and W(x)= I 0 0 + 0 0 0 . 

0 I 0 x 0 0 



10 

So ~o v = o = ~o W, &~ = 1 = 8W, 0 (D(V) and VlX and W1x are nilpotent elements. 

0 o) 
Now (V.W) (x) = - 0 0 

-I 0 

Clearly 8W = I > 8(V.W) - ~o v = o. 

3. DEFINITION 

I, Un__ivaniate Pad~ approximant 

Let us first briefly repeat the definition of Pad6 approximant for a real-valued func- 

tion F of one real variable, given by its Taylor series development in the origin: 

F ( x )  = z % x  k 
k=o 1 %  

with 

F (k) (0) c k = ~! 
n 

First choose n and m in ]N. Then find two polynomials P(x) = Z a.x ~ and 
m i= 0 I 

Q(x) = z b.x j satisfying 
j=o 3 

~o(F.Q-P) ~> n+m+l 

In o t h e r  words t he  a o , . . . , a n , b o , . .  • b m 

c b = a 
0 0 0 

c I b o + c o b I = a 1 

c b +c b =a 
n o o n n 

satisfy the following systems of equations: 

Cn+ I b o + ... + Cn+1_ m b m 

bo+ ... + c b = o Cn+m " n N 

= 0 

with b.=o for j > m and Ck=O for k < o. 
J 

It is obvious that the homogeneous system always has a nontrivial solution since one 

of the b. can be chosen freely; the solution for the b can then be substituted in 
J J 

the system of equations that gives the coefficients a. 
1 
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After calculation of the polynomials P(x) and Q(x) the (n,m) Pad~ approximant is defi- 
P(x) 

ned as the irreducible form of the rational function Q~). The long history of Pad~ 

approximants has extensively been studied by Brezinski and their properties have very 

nicely been formulated and discussed by Baker [ 2]. The interested reader is referred 

to their books. We will treat here the generalization to the operator case of the 

definition and all the properties. 

From now on, let X be a Banach space and Y a conm~utat]~e Banach algebra with unit I 

for the multiplication. 

3.Z. Abstract F naZ~ticity 

To generalize the notion of Pad~ approximant we start from analyticity, as in elemen- 

tary calculus. 

Definition 1.3. I. : 

The operator F : X + Y is abstract analytic in x ° if there 

exists B(Xo, r) with r > o such that 

F(xo+h ) _- ~ ~(k) (Xo) h k for llhrl < r [41 pp. 1131 
k=o 

with ~l F(°) (x o) h° = F(x o) • 

We give some examples of such series. 

a) C([ O,1] ) with the supremum-norm is a conm~tative Banach algebra 

if addition and multiplication are performed pointwise. 

Consider the Nemyckii-operator G : C([ O,1] ) ~ C([O,I]) : x ~ g(s, x(s)) 

with g e C (~) ([O,1] x C([O,I])). Let I x : C([O,I]) ~ C([O,]]) : x ~ x. 

k 
Then clearly G (k) (xo) =~-~(s, Xo(S)). I x ~ ... ® I x 

~x 
k times 

= ~ I ak~ 
and so G(x) k=ol~T. 8x-~(s, Xo(S)).(X-Xo )k in a neighbourhood 

of x o [4] pp. 95]. 

b) Consider the UrTsohn integral operator U : C([ O, I] ) ~ C([ O, I] ) : 

x-~ fO ] f(s, t, x(t)) dt with f ¢. C (~) (|O,1] ×lO,]] × C([O,I])). 

Let [ ] indicate a place-holder for x(t) ~ C([O,I]). 
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8k# (s, t ,  Xo(t)) [] .. [l dt Then we write U (k)(xo) = f01 ~ 

k times 

1 1 8kf (s ,  t ,  Xo(t~, ~ k and so U(x) = k=oZ ~ d  O ~  (x-x o) (t)dt in a 

neighbourhoud of  x ° [41 pp. 971. 

c) c ( i ) ( [ O , ~ ) ,  normed by ][x(t)ll= = max{llx(J)(t)![ I j = o . . . . .  i} 
i 

or Hx(t) I!1 = ~ llx~Od(t) llr-'" where Nx(J)(t)I[ is the norm chosen in 
j=o 

C([ O,T]), is  a Banach space. 

Consider the operator V : C'([O,q) ~ C([O,~) : y ~d-~t - f(t,y) 

in the initial value problem V(y) = 0 with y(O) = a ~ R. 

Let Iy : C'([O,T]) ~ C([O,T]) : y + y. 

= d @f(t,y) (t, yo ). Iy and We see that V' (yo) d'~ - ~y 

~k f(t,y) 
V (k) (Yo) = - - (t, yo) . ly ~ ... ~ Iy for k >_ 2. 

0 yk 
k times 

8k f(t,y) 
So V(y) = - f(t, yo) + cd.--~t - kZ__j k1! 8~ (t,Yo) • (y-yo)k (t) 

in a neighbourhood of Yo" 

d) ~P and ~P with componentwise addition and multiplication are cormnu- 

tative Banach algebras. 

Finally let this nonlinear system of 2 real variables be given 

1+x÷sin(xy)~ 

F(~) = (x2+y2  4xy 7 

t ~/ 1 ® (2k÷1) 
= + + Z 
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3 . 3 .  Abstract Pad@ approxim~nk 

-] . -] -] 
We call an element y of Y regular if there exists y in Y such that y.y = I = y .y 

and we write D(F) = (x 6 XIF(x) is regular in Y}. The set D(F) is an open set in X if 

F is continuous [33 pp. 31]. If the operator G maps X into Y, we can define the ope- 
] 

rator ~ that maps D(G) into Y, by 

~ (x) = [G(x)]  -1 

Let  now x i n  d e f i n i t i o n  1 .3 .7  equa l  0 w i t h o u t  l o s s  o f  g e n e r a l i t y  and l e t  F: X ~ Y be 
o 

a nonlinear operator abstract analytic in O: 

F(x) = X ~! F(k)(o) x k 
k=o 

Definition 1.3.2.: 

The operator F(x) = O(x j) (j 6 B) if there exist nonnegative numbers 

s < I and J such that IIF(x)fl ~ J. IIxH j for all x in B(O,s). 

Definition 1.3.3.: 

The couple of abstract polynomials (P(x), Q(x)) = 

(Anm+n x nm+n + . . .  + Anm x nm, Bnm+m x nm+m + . . .  + Brim xnm) 

such that the abstract power series (F.Q-P)(x) = O(x nm+n+m+1) (1.3.1) 

is called a solution of the Pad@-approximation problem of order (n,m]: 

The shift of degrees in P(x) and Q(x) by n.m will be justified in § 4. and § 7. of 

this chapter. We shall restrict ourselves now to those n and m for which a solution 

(P(x),Q(x)) with D(P) U D(Q) / ~ can be found. 

Definition 1.3.4.: 

The abstract rational operator~.P, the quotient of two abstract 

polynomials, is reducible if there exist abstract polynomials 

T, P, and Q, such that P = P..T, Q = Q..T, oT ¢ I and+is not an 

abstract polynomial (i.e. T is not a unit in the ring of abstract 

polynomials). 

Since  D(P) U D(Q) / ~,  we know t h a t  D(T) / 0 and D ( P )  U D ( ~ )  / ~. 

For the solutions (P,Q) of the Pad~-approximation problem and for the reduced rational 
] 

operators~.P, we will prove the following equivalence-property. 
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Theorem 1.3.1.: 

Let (p,Q) and (R,S) satisfy definition 1.3.3, with D(P) O D(Q) ~ @ and 

I I D(R) U D(S) # 0, hero--.P, be a reduced form of the rational operator ~.P 
% 

and~.R, be a reduced form of the rational operator !.R.s 

Then for all x in X: P(x).S(x) = Q(x).R(x) 

p.(x).S(x) = Q.(x).R(x) 

p. (x). s .  (x) = ~ (x). R. (x) 

Proof: 

Consider 

P (x).  S (x) -R (x) .  Q (x) = [ P (x) .  S (x) -R (x) ] . Q (x) -[ F (x) .  Q (x) -P (x) ] . S (x) 

Now (F.Q-P)(x)  = O(x nm+n+m+l) and (F.S-R)(x)  = o(xnm+n+m+l), 

The s e r i e s  [ (F .S-R) .Q-(F.Q-P) ,S]  (x) = O(x 2nm+n+m+l) 

whi le  ~(P.S-R.Q) 5 2nm+n+m, 

So (P.S-R.Q) (x) _= O. 

I f  P = P , .T  and Q = Q~.T wi th  P , ,  Q, and T a b s t r a c t  po lynomia ls  

then (P.S-R.Q) (x) = [ T. (P , .S-R.Q,) ]  (x) 

Since  D(T) # 0, lemma 1.2 .2  says tha t  (P , .S -R .Q, ) (x )  _= O. 

If R = R..U and S = S..U with R~, S. and U abstract polynomials 

then (P, .S-R.Q,) (x) = I U. ( P , . S , - R ,  .Q,)] (x) .  

S ince  D(t0 # 0, lerama 1 .2 .2  says tha t  ( P , . S , - R , . Q , ) ( x )  _= O. 

We write a = a I U a 2 with 

a I = {(P,Q) I (P,Q) satisfies definition 1.3.3 for a certain 

n and m and D(P) U D(Q) # ~} 

= {(P.,Q~) I ~-P. is a reduced form of the rational A 2 

I 
operator ~-.p for (P,Q) in AI} 

Clearly the relation (PI,QI) ~ (p2,Q2) if and only if P1(x).Q2(x) = Q1(x).P2(x ) for 

all x in X, is an equivalence-relation in A which divides A in disjoint equivalence- 

classes. 
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Definition 1.3.5. : 

The equivalence-class of A containin~ a solution of (1.3.]) for n 

and m chosen, will be called the (n,m) abstract Pad@-approximant for F: .... 

This equivalence-class does not always contain a couple of abstract polynomials 

(P,,Q~) with Q~ (O) = I. An example will illustrate this. Consider the operator 

F : = 2  + I~2 : ( y ) + t x 2 + y 2 - 4 X ' y  ) =  (1 )+  (~7) + +y2-4:xy . . .  

Take n = 1 = m. The couple of abstract polynomials 

C+: 7) (P,(x,y), Q, Ix,y))= , belongs to the In,m) Pad@-approximant for F. 

=ere Q.(5o 
Take n = 1 and m = 2. The couple  of  a b s t r a c t  p o l y n o m i a l s  

(P,(x,y), Q,(x,y)) = , is numerator and 

denominator of the irreducible form of~where (P(x,y), Q(x ,y ) )  

i s  any n o n t r i v i a l  s o l u t i o n  of  ( I . 3 . 1 ) .  

Here O~ ~ )  = ~1 ) because  t he  o r d e r  o f  t he  f i r s t  component in  Q, (x ,y )  i s  1 and no 

f u r t h e r  r e d u c t i o n  can  be per formed to  lower t h i s  o r d e r .  

§ 4. EXISTENCE OF A SOLUTION 

We will now discuss the existence and calculation of a solution of (1.3.1), 

Write {!F (k) (O) = Ck, a symmetric k-linear bounded operator. The condition (I.3.1) 

is equivalent with (1.4.1) and (I.4.2): 



16 

( I .4 .1)  

(z.4.2) 

Co.Bnm x~ = A x ~ vx~X 

X~+] ~ 4 1  ClX.Bnm x nm+ Co.B + 1 = Anm+1 x Vx EX 

C x n.B x nm+ ... + C .B x nm+n = A 
n rim o nm+n nm+n 

x ngl+n Vx ( X 

with Bnm+j x nm+j ~ 0 for j > m 

x n+l x nm x n+l -m B 
Cn+1 "Bnm + "'" + Cn+l-m " nm+m x nm+m = O Vx ( X 

Cn+ m xn+m.B x nm+ ... + C xn.B x nm+m = 0 Vx ~ X 
nm n nm+m 

with C k x k ~ 0 for k < o. 

A solution of (I.4.2) can be computed by means of the following determinants in Y; 

these formulas are direct generalizations of the classical formulas for the solution 

of a homogeneous system. 

B 
nra 

X = 
n n+1-m 

C n x ... Cn+1_ m x 

x n+ ] xn+Z-m 
Cn+ ] -.. Cn+2_ m 

Cn+m_ ] x n+m-] ... C n x n 

E L(X rim, Y) 

xmn+J = n+ ] X n+ ] -m 

Cn+m-1 xn+m-1 . .  I -C  x n+m/ n 
• [, "n+m I C n x 

L(X nm+j , y)  

for ] ~j ~m 

.th t nm 
] columm in B x replaced by this column 

For every solution of (I.4.2) a solution of (I.4.1) can be calculated by substitution 

of the Bnm+j x nm+j (j=o,...,m) in the left hand side of (I,4.1). 

So, using the classical formulas, we get immediately the shift of degrees by n.m in 

P(x) and Q(x). A second argument for the choice of (p(x),Q(x)) will be given at the 

end of this paragraph. For the moment we want to give some more determinant represen- 

tations. ~en we calculate a solution of (1.4.2) and (1.4. I) by means of the deter- 

minants above, we will denote it by (P| n,m] (x),~ n,m] (x)). So 
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Q [n,ml (x) = I ..° I 

x n+l  C x n x n+l-m 
Cn+l n "'" Cn+l-m 

n+2 
Cn+ 2 x . . .  

Cn+m xn+m "'" Cn xn 

( 1 . 4 . 3 )  

P[n,ml (x) = F n (x) Fn_ 1 (x) . . .  Fn_ m (x) 

xn+1 xn+l-m 
Cn+ 1 .-. Cn+l_ m 

x n+m x n 
Cn+ m .. C n 

( 1 . 4 . 4 )  

( F ' Q i n , m  ] 

P In,ml ) (x) = 

Lm (x) \ 
x n +  l ~ n +  l - m  

Cn+ 1 " "" Un+ 1 -m x 

Cn+m xn+m """ Cn xn 

( i .4.s) 

i 
where  F i (x) = 2 C k x k and F i (x) ~ O f o r  i < o and Fi  (x) = F(x)  - F i ( x ) .  

k=o 
These  f o r m u l a s  a r e  a l s o  d i r e c t  g e n e r a l i z a t i o n s  o f  t h e  c l a s s i c a l  f o r m u l a s  f o r  m ~ i v a r i a t e  

Pad6 a p p r o x i m a n t s ,  

Remark a l s o  t h e  f a c t  t h a t  i f  we c a l c u l a t e  t h e  (n ,o )  a b s t r a c t  Pad6 a p p r o x i m a n t  f o r  F, 

we f i n d  the. n t h  p a r t i a l  sum of  t h e  a b s t r a c t  T a y l o r  s e r i e s .  For  i f  Bnm = I t h e n  

= C.x  1, i = o , . . . , n  i s  a s o l u t i o n  o f  sy s t em ( I . 4 . 1 ) .  Aix~ 

Let's again take a look at the nonlinear operator 

x2+y2 4xy " ' "  

Take n = l and m = 2. Us ing  ( I . 4 . 3 )  and ( I . 4 . 4 )  we f i n d  



18 

Q[],z] ( x , y ) =  = (x(x-y) + xZy(y-1)~ 
(x2+y2 4xy) 2 / 

P[],2] (x,y) (?) 
(x~+y2_4xy) (~) (0) 

(x 2(1+x~y) - xy(~÷x)) 

which is clearly a nontrivial solution of (I.4. ]) and (1.4.2). 

When we would try for n =] and m=2 to find a couple of abstract polynomials 

x 2 (x + Bo) such that (F.Q-P)(x,y) = (P(x,y),Q(x,y)) = (A 1(~) + A ° , S2(y) + S] y) 

o((X) n+m+1) = O((y)4), not working with the shift of degrees by n.m=2, we would 
Y 

remark that this problem has only the solution Q(x,y) --- O ~ P(x,y), which is not 

very useful. The reason is that we have now an overdetermined homogeneous system. 

More about multivariate Pad6 approximants can be found in chapter II. 

§ 5. RELATIONS BE'IWiffEN (p,Q) and (P. ,~)  

5. I. Orde r and de,Tree .o~ P, Q, P, and Q, 

it m xilm + j 
From now on we will use the notations P(x) = Z A+i x nm+i and Q(x) = z Bnm+j 

i=o j =o 

ap, xi aQ, xj for solutions of (I.3.]), p,(x) = z A . and Q,(x) = z for the 
i=aop. .1 B,j j =%o 

I aT k 
numerator and denominator of a reduced rational form of ~.P and T(x) = Z T k x 

k=t o 

for the polynomial such that P = P,.T and Q = Q,.T where t = ~ T. 
o o 

We will now give a few simple theorcms about solutions (P,Q) of (1.3.1) and about 

the (p,,Q,). Similar theorems exist for the univariate Pad~ approximants. 
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Theorem 1.5 .1 . :  

Proof: 

a) Let (P,Q) s a t i s f y  ( I .3 .1) .  Then a P ~ ~oQ. 
O 

1 1 b) L e t ~ . P ,  be a reduced form of ~.P. I f  D(T t ) / ~ or aoQ,=o then aoP . ~aoQ . .  
O 

The proof of a) is very simple because of the equivalence of (I.3.1) 

with the systems (1.4,1) and (1.4.2). 

The proof of b) is similar. 

If aoQ . = o then b) is automatically satisfied. 

Suppose aoP . < aoQ , when aoQ . > o. 

Then aoP < aoQ because of le~mma 1.2.2 which we can apply to the 

first nontrivial term in P since D(T t ) ~ ~. This is a contra- 
o 

diction with a). 

We introduce the notion of pseudo-degree for polynomials without tail like the ones 

considered in definition 1.3.3 if n > o and m > o and like P, and Q, ifaoO ~ > o and 

D(T t ) ~ ~. 
O 

Definition 1.5.I.: 

a) alp = aP - aoQ is called the pseudo-degree of P and 

alQ = aQ - aoQ the pseudo-degree of Q; theorem 1.5.1 a) 

justifies the term - aoQ. 

b) alP, = aP, - aoQ . is called the ~seudo-degree of P, and 

alQ , = aQ, - aoQ . the pseudo-degree of Q,, if 

D(T t ) # ~ or 3o0,, = o; theorem 1.5.1 b) justifies the 
O 

term- aoQ .. 

When aoQ=O or aoQ,=o the pseudo-degrees of P and Q or P, and Q, 

degrees. 

equal the exact 

Theorem 1.5.2.: 

a) alp _< n and aiQ <_ m. 

b) Let Y be a comutative Banach algebra without nilpotent elements. 

If D(T t ) # ~ or Q,(O) is regular in Y, then alp * ~ n and aiQ . _< m. 
O 
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Proof :  

a) a l p  = ap - aoQ a nra+n - aoQ _~ n s i nce  ,3oQ _> ran. 

a lQ = aQ - aoQ 5 nm+m - aoQ ~ m s ince  aoQ _> nm. 

b) a lO ~ = aO~ - aoQ . _~ ( a Q -  aoT? - aoQ ~ s ince  D(T) ~ f~ 

5 oQ - ran since aoT + aoQ , = aoQ > nm 

_< in 

alp . = aP, - aoQ , _< (ap - aoZ ) - aoQ . since D(T) # @ 

_< aP - rml since aoT + aoQ . = aoQ _> nm 

_<n 

If Q, (o) is regular, the proof is similar because now 

aoO ~ = o and aoT = aoQ. 

The f o l l o w i n g  example proves  the  need of  D(T t ) ¢ O to  conclude t h a t  

alp * 5 n and alQ , <_m. o 

/cos (~-x+y)~ = 
Take F : N 2 ~ N2 :  (y) ~ xex-yey ) wi th  a ¢ k~ and take n 1 = m. 

\ x-y / 
The couple of abstract polynomials (P . .T ,Q. .T)  with 

x+y+O. S (xZ+3xy+y 2) 

x ( 1+O" S(x-Y) c ° t g  ~ ) 

O~ (y) = x+y-O. 5 (x2+xy+y 2) 

and T(y) = (0) + (y ;x ) ,  s a t i s f i e s  (1.3.1), Here a oQ ~ = o, aP. = 2, 

aO., = 2 and Tto ( ; )  = (0).  So a lp  . = 2 > I < 2 = alQ ~. 

s. 2. @@r o¢" ~, %~-2~ 

The f o l l o w i n g  theorem i s  f r e q u e n t l y  used in the  p roofs  o f  f u r t h e r  p r o p e r t i e s .  
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Theorem 1.5.3.: 

a) I f  D(T t ) ¢ 9 ,  t h e n  t o = nm-aoO~+r w i t h  r ~ o and ( P , . T t o , Q , . T  t ) 
0 0 

satisfies (I.3.1) 

b) If Y contains no nilpotent elements then also o < r ~ min(n-aiP,,m-aiQ,), 

Proof: 

a) Because D(Tto) e 9, t o + OoQ. = ~o Q -~ nm. 

We write t o = pan - aoQ , + r with r ~ o. 

Now F(x).Q(x)-p(x) = T(x).[ F(x).Q,(x)-P~(x)] = o(xnm+n+m+1). 

t 
If T(x) = T t x o + .., with D(T t ) ¢ ~ then also 

O O 

t 
Tto  x o.[ F ( x ) . Q , ( x ) - P , ( x ) ]  = O(x rml+n+m+l) because  o f  the  

e q u i v a l e n c e  o f  ( t . 3 . 1 )  w i t h  ( I . 4 , 1 )  and ( I . 4 . 2 ) .  

b) Because D(T) ¢ 9 ,  we have a c c o r d i n g  to  lerama 1 . 2 . 3 :  

ap ,  _< a ( P , . T )  - aoT 5 nm+n - (rim - aoQ . + r )  

aQ. _< a(Q..T) - SoT _< nm+m - (nm - OoQ . + r) 

and so: I 81 p* = aP. - aoQ . _< n-r 

! 
a I Q. 8Q. aoQ . ~ m-r 

When we compare this theorem with the similar one for the classical univariate Pad6 

approximant, we remark that the term nm in t is due to the choice of the order of 
o 

the couple of polynomials (P,Q) in definition 1.3.3 and that the term -aoQ , is due 

to the fact that not always aoQ . = o. 

We give some illustrative examples. 

Let F : N 2  i12: (y) ~ ( 1  ~ and take  n = 1 m = 2. 
\ e x+y / 

The couple of abstract polynomials (P~.T, Q~.T) with 

(;) (11 ) 
1 + (x+y)  ~ - ~ ( x + y )  + ~ ( x + y )  

and 
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T ()x = 
2 (x+y) 

- - 7 - -  

where L 2 ~ L(X 2,~), L 3 ~ L(X 3,~), 

satisfies (1.3.1). So if D(L2) # ~ theorem ].5.3 is satisfied with t o = 2, 

( 
2 L e t F :  IR 

(y)  Z L 2 \ 
and r o o .  

(x+y) Z/z 

I + sin(x+xy) \ 
+ IR2: (y) + x }and 

I ÷ ~ + sin(xy)/ 
take n = 1, m = 2. 

The couple of abstract polynomials (P,.T, Q,.T) with 

5 2 
<x - y +-~-x - 2xy ) 

P.  (~) o 
X - ].0] y + ]0 y2 + 10 X 2 - 20.2 Xy 

2 3 

1.O] y + 10 y2 - 10.1 xy + 2.01 xy 2 

X 
T(y) = (100 x ) satisfies (I.3.1). 

So theorem 1.5.3. is satisfied with t 
O 

Let F : IR 2 ~ N2: (y) \ 1  - cos x 

= landr=o. 

and 

and take n = 2, m = I. 

]~e couple of abstract polynomials (P,.T, Q,.T) with 

x2/2 , Q, (y) = (I)  and (y) = _x2/2 + 

satisfies (I.3.1), but with t o = 2, D(T t ) = 9. It is easy to see that 
O 

(P,.Tto, Q,.Tto ) does not satisfy (I.3. I). 

dx 
Let F : C'([],T]) -~ C([I,T]) : x(t) ~ e x(t) ~[~- (I+c) with c a small 

nonnegative number. Take n = ] = m. The couple of abstract polynomials 

dx (P. .T,  Q..T) with P.(x) =~7~- ( ] + c ) ( ] - x ( t ) ) ,  Q,(x) = 1-x(t)  and  

T(x) =~t satisfies (I.3.1). Theorem 1.5.3 is satisfied with t o = ] and r = o. 
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Theorem I. 5.4. : 

P r o o f :  

nm+n+m+1-t 
a) If D(Tto) ~ ~ then (F.Q,-P,)(x) = O(x o) 

b) If Y contains no nilpotent elements and D(T t ) # @ then 

( F . Q , - P . )  (x)  = O(x  a ° Q * + a l p * + a t Q * + l  o 

a) Suppose ao(F.Q,-p,) = j with < nm+n+m+1-to , 

Now since D(Tto ) # ~: (p*'Tto' Q*'Tt o) satisfies (I.3.1). 

So [ (F.Q,-P,).T t ] (x) = O(x nm+n+m+1) and consequently 
O 

nm+n+m+l _< j +t o which is a contradiction. 

b) Suppose ao(F.Q,-P,) = j with j < aoQ * + alP, + 81Q * + I. 

Then for every integer r with o _~ r 5 min(n -alP., m - alQ,), 

for t o = nm - aoQ * + r : 

ao0~ + alP * + alO ~ + ] + (ran - aoQ * + r) > j + nm - aoQ * + r 

_> nm+n+m+ ], 

which is in contradiction with theorem 1.5.3 b) since 

a]P, _< n and aiQ , _< m and 

aoQ . + alp . + alO ~ + I + (nm - aoO, + r) _< nm+n+m+1 

it is also easy to see that if D(T t ) ~ 9, then every couple of abstract polynomials 
O 

(P*.L,Q,.L), with L a bounded to-linear operator such that D(L) n (D(P,) U D(Q,)) ~ @, 

satisfies (I.3.1). 

The fact that (F.Q,-P,)(x) = O(x j) with j given by theorem 1.5.4 implies that 

(F.Q,-P,) (i) (O) _-- 0 for i = o ..... j-1 at least 

For polynomials P, and Q, with aoP . ~ aoQ * we know that always 

( F . Q , - p * ) ( i )  (0) _= 0 f o r  i = o . . . . .  aoQ , - 1 

So the meaningful relations are 

(F.Q,-P,) (i) (O) ~ O for i = aoQ . ..... j-1 at least (I.5.1) 
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When O ~ D(Q,) and thus aoQ , = o, the relations (1.5.1 can be rewritten as 

F (i) (O) = .P, (O) for i = o .... , j-1 at least. 

So (I.5.1) clearly has an interpolatory meaning in O. 

§ 6. COVARIANCE PROPERTIES 

Since the (n,m) abstract Pad@ approximant is an equivalence-class containing couples 

of abstract polynomials, we are going to represent it by one of its elements; for the 

sake of sfunplicity we will denote this representant also by (P,,Q,). 

Let the operator Pn,m (for n and m chosen) associate with the operator F the equiva- 

lence-class of the (P,,Q,). we are looking for operators @ working on F that commute 

more or less with the Pad@ operator ~,m: 

Pn,m(F)] = Pn@,m[~(F)] 

with n¢ and m@ depending on the considered @. 

The first property we are going to prove is the reciprocal covariance of abstract 

Pad@ approximants. 

Theorem 1.6.~.: 

Proof: 

Suppose O ~ D(F). If (P,,O~) is the (n,m) abstract Pad@ approximant for F, 

I 
then (Q,,P,) is the (re,n) abstract Pad@ approxJmant for ~. 

I 
Since O E D(F), an open ball B(O,r) exists where ~-is defined. 

If (P,, ~) is the (n,m) abstract Pad@-approximant for F, an 

abstract polynomial T exists such that 

(P,Q) = (P,.T, Q,.T) satisfies (1.3.]) for F and D(P) U D(Q) # ~. 

In other words (F.Q-P)(x) = O(x nm+n+m+1) 

I • This implies that (~.P-Q)(x) = O(x mm+n+m+]) since-F-iS abstract 

analytic in a neighbourhood of O. 

I So (Q,P) = (Q,.T, P,.T) satisfies (1.3.1) for ~ and D(Q) U D(P) ~ ~. 
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Theorem 1.6.2.: 

Suppose a, b, c, d ~ Y and 0 ~ D(c.F+d). If (P,,Q~) is the (n,n) abstract 

Pad~ approximant for F and D(c.P+d.Q) U D(a.P+b.Q) ~ 9, then the (n,n) abstract 

I Pad~ approximant for ~ .  (a.F+b) is (a.P,+b.O~,c.P,+d.Q,). 

Proof: 

Since O E D(c.F+d), an open ball B(O,r) exists where 
] 

..(a.F+b) is defined. 
c.F+d 

If (P,,Q~) is the (n,n) abstract Pad~-approximant for F, an 

abstract polynomial r exists such that (p,Q) = (P,.T, Q~.T) 

satisfies (1.3.1) for F and D(P) U D(Q) # 9. 

In other words (F.Q-P)(x) = o(xn2+2n+]). 

Now ao(a.P+b.Q) ~ n 2 since aoP ~ n 2 and aoQ ~ n 2 

and a(a.P+b.Q) ~ n 2 + n since aP ~ n 2 + n and aQ ~ n 2 + n. 

n 2 2 Also ao(C.P+d.Q) ~ and a(c.P+d.Q) ~ n + n. 

Since (F.Q-P)(x) = O(x n2+2n+]) and O ~ D(c.F+d), also 

[ (a.d-b.c). ] .(F.Q-P)] (x) = o(xn2+2n+]). 
c.F+d 

] .(a.F+b).(c.P+d.Q) - (a.P+b.Q) = ] .(F.Q-P)(a.d-b.c) Now 
c. F+d c. F+d 

and consequently 

• (a.F+b).(c.P+d.Q) - (a.P+b.Q) = o(xn2+2n+1). ] 

c. F+d 

We already know that D(c.P+d.Q) U D(a.P+b.Q) # 9. 

We remark that if (P,,O~) were the (n,m) abstract Pad~ approximant for F with n > m 

for instance, then a.P+b.Q was indeed an abstract polynomial of order at least nm 

and degree at most nm+n but c.P+d.Q not necessarily an abstract polynomial of degree 

at most nm+m. This explains the condition in theorem 1.6.2 that (P,,Q,) is the (n,n) 

abstract Pad~ approximant for F. 
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Theorem 1.6.3.: 

Suppose A ~ L(X,X) and A -l exists. If (P.,Q.) is the (n,m) abstract Pad5 

approximant for F and if R.(x):=P.(Ax), S.(x):=Q.(Ax), G(x):=F(Ax), 

then (R.,S.) is the (n,m) abstract Pad~ approximant for G. 

Proof: 

If L ~ L(xi,y), then LoA ~ L(xi,y) when defined by 

(LoA)xi=L(Ax) i [6 pp. 289]. 

Because (P.,Q.) is the (n,m) abstract Pad~-approximant for F, 

an abstract polynomial Z exists such that (P,Q) = (P..T, Q..T) 

satisfies (1.3.1) for F and D(P) U D(Q) # ~. 

In other words, there exist nonnegative constants r < l and K 

such that II (F.Q-P)(x)II -< K. IlxlJ nm+n+m+] for llxll < r. 

Let S(x) = T(Ax).S.(x) and R(x) = T(Ax).R.(x). 

Then JI (G.S-R) (x)JI = II (F.Q-P) (Ax)rl -< K. IfAxFI nm+n+m+] 

-< (K.IIAI 'nm+n+m+])i llx[l nm+n+m+] 

for IIxJI < r. 

Thus (G.S-R) (x) = O(x nm+n+m+]) . 

Since D(R) = {x ~ X I R(x) is regular in Y} 

= {x 6 X I P(Ax) is regular in Y} 

= {A - 1  x I x ~ D ( P ) }  

= A - I  (D (P ) )  

and D(S) = A - l  (D(Q)) 

we can conclude tha t  D(R) U D(S) = A-I [  D(P) U D(Q)] ~ ~. 

This theorem has two important consequences: the scale covar iance of  abs t rac t  Pad# 

approximants formulated in c o r o l l a r y  1.6.1 and the conservat ion of  sy~netry f o m u l a t e d  

in c o r o l l a r y  1.6.2. 

Corollary I. 6. ]. : 

Let X E • \ {o}. If (P.,Qk) is the (n,m) abstract Pad~ approximant for F and 

P~ (x):=P. (kx), S. (x):=Q. (kx), G(x):=F(kx), then (R. ,S.) is the (n,m) abstract 

Pad~ approximant for G. 
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× X 2 and F(Xl,X2) = F(x2 ,x l ) .  I f  (P.,O~) i s  the (n,m) a b s t r a c t  Pad~ 

approximant f o r  F, then (P . (x l ,x2 ) ,Qk(x ] ,x2 ) )  ~ (P.(x2,x  l ) ,O~(x2 ,x ] ) ) .  

§ 7. RECURRENCE RELATIONS 

7.1.  Two-term identities 

Frobenius [ 20] supplied most of the identities for the classical Pad~ approximants. 

We will now discuss their generalizations. The first group of identities we will con- 

sider are the two-term identities. By definition 1.3.3 we can write 

(F.Q[n,m] - Pin,m] ) (x) = O(x nm+n+m+1) 

(F.Q[ n+1 ,hi - P[ n+l,m] ) (x) = O(x (n+1)m+n+m+2) 

(F.Q[n,m+l] - P[n,m+1] )(x) = O(x n(m+1)+n+m+2) 

(F.Q[ n+1 ,m+l] - P{ n+l ,m+l] ) (x) = O (x (n+1) (m+])+n+m+3) 

Thus 

(P[n+],m] Q[n,m] - Pin,m] Q[n+l,m] )(x)  = 

- (F  Q n+l = (F'Q[n,m] - P[n,ml) 'Q[n+l ,m] " [ ,m] 

= O (x rim+ (n+ 1)m+n+m+ 1) 

While 

- P[ n+] ,m] ) "Q[ n,m]] (x) 

~(P[ n+l,m] Q[n,m] - P[ n,m] Q [n+],m] ) 5 nm+(n+l)m+n+m+l 

and analogously  

(P[ n,m+l] Q [n,m ] - P[ n,ml Q [n,m+tl ) (x) = O(x nm+n(m+l)+n+m+l) 

~(P[ n,m+l] Q [n,m] - P[ n,ml Q In.m+]] ) 5 r~n+n(m+l)+n+m+l 

(P[ n,m+l] QIn+l,ml - PIn+l,m] Q[n,m+ll ) (x) = O(x (n+l)m+n(m+l)+n+m+2) 
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Q Ln+l ,m ] - p Ln+1 ,m ] Q [n,m+] ] ) -~ n(m+1)+(n+l)m+n+m+2 

Q [n,m ] - ~ n,m J Q|n+1 ,m+~ ) (x) = O(x nm+(n+]) (m+1)+n+m+1) 

a(~ n+1,m+1] Q[n,m ] - ~ n,m ] q[n+1,m+1] ) <- nm+(n+1) (m+1)+n+m+1 

Let us introduce the notation 

Hj (s i) = s i ... si_j+ I 

Si+j-1 "'" Si 

for these dete~ninants where the S. (i=o,I ,...) are elements in the comutative Banach 
1 

algebra Y. Then because of the formulas (1.4.3), (I.4.4) and (I.4.5) we have 

.~ n+]. 
(P[n+1,N Q[n,m]- P[~,m]Q[n+l,m] )(x) = (-l)m Hm+](Cn+]X ).Hm(Cn+ixn+1 ) (1.7.1) 

,~ n+1. 
(P[n,m+l] Q[n,m] - Pin,m] Q[n,m+l ] )(x) = (-1)m Hm+l tUn+IX J'Hm+] (Cnxn) (1.7.2) 

(P[n,m+l ] Q[n+l,m] - P[n+1,m] Q[n,m+l] )(x) = (-1)m [Hm+1(C+IXn+1)] 2 (I.7.3) 

(~[n+l,m+l] Q[n,m] - P[n,m] Q[n+l,m+ll )(x) = (-1)m [Hm+1 (Cn+Ixn+1)] 2 (1.7.4) 

Fo (1.7.3) we have used Silvester's identity [2, pp.15] which is also 

valid in Y and states that 

.~ n+J. ~+1 (c+2~n+2)'Hm+l (c~n)+Hm+z(cn+ffn+l)'~ t%+lX J:  

= [Hm+ 1 (Cn+ t xn+t)] 2 

These two-term identities will be used to prove other recursion relations in § 5. of 

chapter II. The second group of identities we will consider are the five-term identi- 

ties. 

7.2. The s-algorit~ 

The E-algorithm of W~n is closely related to the Pad~ approximants of a univariate 

function in the following sense: if we apply the s-algorithm to the partial sums of 

the power series 
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k 
F (x) = z ckx 

k=-o 

then ~m n-m) is the (n,m) Pad6 approximant for F(x) where n is the degree of the nume_ 

rator and m is the degree of the denominator [ 9 pp. 66-68]. 

We shall now see that the (n,m) abstract Pad6 approximant satisfies the same property, 

but first of all we briefly repeat the nonlinear e-algorithm. Input are the elements 

of a sequence {S i I i=o,],... }; let us take the sequence in Y. 

The following computations are performed: 

~o i--o,i .... 

So (i) = S i i = o, ], ... 

~ j - l )  = 0 j = 0, I . . . .  

( i )  ( i + l )  ( i + l )  _ t ! i ) ] - I  j = o, 1 . . . .  
ej+l = ~ j - 1  + [~j l " i =-j,-j + l . . . .  

The E (i). c a n  be  o r d e r e d  i n  a t a b l e  w h e r e  ( i )  i n d i c a t e s  a d i a g o n a l  and  j a co lumn:  
l 

eo (-I) = 0 s~-2) = O ... 

~i) :o s~ -1) 
so(°) = S O s~-1) ... 

~i) ~o s~ °) 

~1) ~s~ 4°~ . . .  

~) ~o ~i) 
~o~2~ ~s~ ~1~ . . .  

~_~ oo . ~ . 

We introduce the notations 

~S i = Si+ I - S i 
and 

~2S i = ~Si+ l - ~S i 

to prove the following property for the (~iJ. 
J 

The proof is very technical and similar to the proof in [8 pp. 44-46] for X = R = Y. 
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Lermna 1 . 7 . 1 . :  

If Hi_ I ( 2 Si+j_1 ) and Hj (~2 Si+j_1 ) are regular in Y, then 

Si+ j -.- S i 

~Si+j "'" ~5i+I ~Si 

(i) 
~2j 

&Si+zj_ I ... &Si+ j ASi+j-] 

= 

I ... I 

ASi+ j ... ~S i 

. ° 

5Si+2j_ I -.- ASi+j_ I 

and if Hj (~Si+j) and Hj+ I (~Si+j) are regular in Y, then 

I ... I 

(i) 
~2j+I = 

~2Si+ j ... ~2S i 

~2Si+2j_ I ... ~2Si+j_ I 

ASi+ j .-. ~S i 

~2Si+ j ... ~2S i 

~2Si+2j_ I ... A2Si+j_I 

with S i = O for i < o. 

Of course we restrict ourselves to the case that the s! i) are finite; since the 

3 ~(i) does not exist ~-algorithm is a nonlinear algorithm, it can always happen that j+1 

(when ~!i+I) _ ~!i) is not regular in Y). 
J J 
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It is easy to see now that for S i = Fi(x) = 

Theorem 1.7.].: 

i k 
Z CkX we get the following theorem. 

k=o 

I f  I~Hm_I(A2 Fn_ 1)1 ~ ¢ and D[Hm(A2 Fn_l) l e ¢, 

then 

F n (x) ... Vn_ m (x) 

xn+l xn-m+l 
Cn+ 1 . . .  Cn_m+ 1 

• . 

(n-m) 
~2m = 

C n + m  xn+m "'" Cn xn 

I . . .  I 

Ca+ 1 x n+t . . .  C_m+ 1 xn-m+l 

C n + m  
xn+m ' ' "  % Xn 

Nt~nerator and denominator of e~-m)~ are  the deterrainantal formulas ( I ,4 .4)  and ( I .4 .3)  

fo r  P(x) and Q(x), a so lu t ion  of  the Pad6 approximation problem of order (n,m). 

Let us i l l u s t r a t e  t h i s  by ca l cu l a t i ng  par t  of the c - t ab le  for  the fol lowing nonl inear  

operator  

F: C ' ( [1 ,T])  -~ C( [ t ,T I ) :  x( t )  ~ e x( t )  ~ - (t+c) 
dt 

with c a small normegative constant. 

The Taylor series expansion is 

F(x) dx ~,[ x(t)]k = ~ z . - ( l + c )  

k=o 

For the c - tab le  we get 
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0 0 

o -1_ 
l+c 

0 

-(1+c) 

I 

dx 
dt 

2 
- ( ] + c )  

]+c+~ 

--~-(1+c) dt 1-x(t) 

x(t)~t 

1 
0 1 2- -dx  -2x [ t j ~ -  

• dx 1 2 -~-(t+x(t) +~x (t))- (1+c) 

~t-(l+c) (1-x(t)) 

~(1+}X(t))-(1+C)(1-½X(t)) 

1-~X (t) 

It is easy to see that the odd col~rms are only intermediate results. 

By eliminating the odd columns, the E-algoritbn for the even colm~ns can be rewritten 

as follows: 

,J9-1=o  1 . . . .  

(i) = s. 
0 1 

~(i-1) ~(i)] ~(i) _~(i-1)1-1 
[ 2j+2 2j ' = [ 2j+I 2j+1 ' 

j=o, 1, ... 

(i+1).r~(i+1)_~(i)~-1_~(i) _ (I(i" "-I))-I]-1 
e2j-] *~ 2j 2j j 2j-1 (~2j)-¢2j 

~ [ 

rs(i+1)_s(i)~-1+r~(i-1)_s(i)~-1 , (i+I) (i)~-11-I 
= [ v 2j 2j j ' 2j 2j " -Is2j-2 -~2j ) ] 

and thus 

~ (i-I)_~ (i)]-] s (i+]) (i),-I s (i+])_s~])]-1 ~(i-I)_~(i)1 -1 
[ 2j+2 -2j + [ 2j-2-s2j J = [ 2j + [ 2j 2j ' 

j=o~]j... 

i=-j,-j+],... 
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So we have the following relation between abstract Pad~ approximants. 

Theorem I. 7.2. : 

If Hj_2(A2si+j_l), Hj_ l(A2Si+j_2 ), Hj_ l(A2Si+j_l ), Hj_ l(~2Si+j), 

Hj(A2Si+j_2 ), Hj(&2Si+j_l) , Hj(62Si+j) and Hi+ l(~2Si+j_l) are 

regular in Y then 

i+j,j+l] 3 i+j,j] + q i+j,j-1] q i+j,j] = 

q i+j+1,j] q i+j,j] ] + ~ i*j-l,j] ~ i+j,jl . 

We are going to illustrate this by means of the E-table we just calculated for the 

nonlinear operator F. Take j=~ and i=o and calculate 

"dx'Z+dx'l+ " (1-~x(t)) 
8 } I 1 ) = d~l ~ ~ ~ ~IIIII~llJ (-2xCt)* l )*  (1"c) Zxct ) 

-~ ( -  l+x (t) -~X 2 (t))  - (1+c) x (t) (1 -~x ( t ) )  

We have then the following cross of abstract Pad6 approximants 

- (1+c) 2 

l+c+d~ 

dx (1+c) ~t- (1+c) (1-x(t)) 
1-x(t) 

-(~t) 2+ 3 I+c)(-2x(t)+ I)*(I+C) 2x(t) (l-21-X(t)) 
~t(-1+x(t) -~X 2 (t)) - (l+c) x(t) (l-21-X(t)) 

~(t+½x(t))-(l+C)(1-~X(t)) 

1-~x(t) 

In the chapters II and III the ¢-algurithm is frequently used in numerical calculations. 
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7.3. The qd-al~orit]~ 

It is well-known that the quotient-difference algorithm can be used to construct 

univariate Pad6 approximants. We will first repeat it in an equivalent but slightly 

different way than usual. Only, this approach can be generalized when F is a nonlinear 

operator from a Banach space X into a colm~atat~ve Banach algebra Y. 

Let us consider a nonlinear real-valued function F of one real variable analytic in 

the o r i g i n :  

F(x) = Z ckxk with c k = ~, F (k) (O) 
k=o 

Let the series F be nomal: 

c£x£ 
c/+ix/+1 

C/+k_]xl+k-1 . . .  

c x/÷1 £+k-] 
l+]  . . .  C/+k_lX 

c£+2k_2Xg+2k-2 

iO 

for £ = o,I,2,.., and k=1,2,... 

This determinant is a monomia] of degree k(g+k-1) in the variable x. Demanding that 

this monomial is nontrivia] is equivalent with demanding that this determinant evalua- 

ted at x = I is nonzero. For a normal series we can construct a table with double 

entry of numbers q~£)- and e~ £)- defined as follows: 

e (£) = 0 I = 0, I , .  
0 "" 

q}/) : ~ I = 0,1 . . . .  
C/X 

e~ l) = ~k~(/+]) + e(Z+l)k-1 _q~Z) l = % 1 , 2 , . . .  k = 1 , 2 , . . .  

1 = % 1 , 2 , . . .  k = 1 , 2 , . . .  k+l ~k / 

From this qd-algorithm we can obtain Pad~ approximants to the function F in the follo- 

wing way. The (n,m) Pad6 approximant for n ~ m is equal to the (2m) th convergent 

K2m of the continued fraction 

Co+ClX + . . . .  Cn_mxn_m+[Cn_m+ 1 x 1_ }~ I ~1 ! _ 

q~n-m+l)] _ e~n-m+l) l  - 
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n-m 

if K ° = 2 ckxk , and it is also equal to the (2m+]) th convergent K2m+l 
k=o 

nued fraction 

of the conti- 

n-m- 1 
Co+ClX +.,.+ Cn_m_ ] x + I 

q!n-  m)] e~n-m)] _ 

n-m-I 
if K = Z ckxk [8,9]. 

°-m t 1 A n-m  1 Cn_ m x q e 1 _ 

O 

k=o n ( l)  k(1) Both the  terms ~k and e con ta in  a f a c t o r  x now because of  the  d e f i n i t i o n  of  q~/) 

Let us now t u r n  to the  ope ra to r  

F(x) = ~ Ckxk 
k=o 

H £+k-I. We call the series F normal if there exists x in X such that k(Cg+k_iX j is 

regular in Y for g = o,1,2,.., and k=1,2,... 

When the series 

+ ~ (Ckxk ) Co k= 1 - Ck_ ]xk- t 

i s  normal,  then a r e p r e s e n t a t i o n  of  (P(x) ,Q(x))  s a t i s f y i n g  ( I . 3 . 1 )  i s  g iven  by ( I . 4 . 3 )  

+ ~ (Ckxk - C x k - I )  and ( I . 4 . 4 ) .  Normal i ty  o f  the  s e r i e s  C o k=l k-] i s  e q u i v a l e n t  wi th  

Hk(~Cg+k_]X g+k-])  being r e g u l a r  in Y f o r  some x in X. So no rma l i ty  o f  the  s e r i e s  

C + ~ ~Ckxk impl ies  r e g u l a r i t y  o f  qn ,m]  (x) = Hm(kCn xn) and thus e x i s t e n c e  of  
o k= 0 
I 
q n,m] P[ n, m]" 

For a normal series F we can define the abstract @-scheme as follows: 

E (l)  = 0 £ = %l 
0 ~ ' ' "  

x g) - I Q~/) = (C/+lX/+]) . (Cg g = o, 1 , . . .  

x k £ = o, ] "<k ' ° ' *  

q<Z) = nee+l) E/+D.(e£e))- t  
k+] ~k " £ = o, 1 , . . .  

k = 1 , 2 , . . .  

k = ~ , 2 , . . .  

Let us construct the following continued fractions in the Banach algebra Y: 
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n-m xk 
2; C k + 

k=o  

n-m+ 1 
Cn-m+ I x 

I _ {](n-re+l) 
x 1 

I - F (n -m+l )  
-1 

C~ (n-m+ 1 ) 
I - x2 

I - E~ n -m+l )  

( i . 7 . 5 )  

and  
n-m-1 k 

Z CkX + 
k=o 

Cn_ m x n-m 

I - 

I - E~ n-m) 

I - Q~n-m) 

I - E~ n-m) 

( ~ . 7 . 6 )  

where dividing means multiplying by the inverse element for the multiplication in Y. 

We shall now prove that these continued fracticns are of the same form as in the uni- 

variate case where only a factor x remains in ck ~/)" and ek~)~ after division of n~e- 

rator and denominator and we shall also prove that the convergents of these continued 

fractions yield our abstract Pad6 approximants. 

Theorem 1.7.3.: 

If write Qk (£) N k E(~) Ne,k~£ we = ~ and = De,k ~ then ONq,k, £ = ~Dq,k, £ + I 

~ N e , k ~  = ~ ) e , k , /  + 1 

Proof: 

The proof i g  by  induction. 

For k = I we have 
l 

= x £+I and D = Cgx N q , k , /  C/+I  q ,k , l  

Ne,k, 1 = (Cl÷lxl+l)2 - ClXl.Cg+2x£÷2 

De,k, 1 = ClxZ.Cl÷l xg÷l 
so t h a t  

aNq,k,1 = / + I  = aDq,k ,  £ + 1 

ONe,k, t = 2£+2 ~ 0 D e , k , / +  
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Suppose the  theorem holds for  Q}/) . . , Q ( / ) , E  (l)  E ( / ) .  
'" k ] " ' ' '  k ' 

we s ha l l  Drove i t  then for  n [g) and E (g) 
Xk+] k+] " 

Since n (/) = n (/+1) F ( /+ I ) ' (E (g ) ) - lk  Xk+] Xk "~k , we have 

Q(/) ~ , k , g + l " N e , k , g + l " D e  k,g 
k+l = ' - 

N e ,k , g 'Dq ,k ,g+ l 'De ,k , /+ l  

Thus ~Nq,k~l ,g  = ONq,k,£+l + aNe,k,l+ 1 

For E~f~ the proof  i s  analogous.  

Dq,k+l ,g 

+ aDe,k,g = 3Dq,k+l,g+ I 

Consider now the following descending staircase: 

I 
P( n-m,o ] (x) 

Q (n-m, o ] (x) 

] 1 
P( n-m+ 1, o I (x) P( n-m+ 1,11 (x) 

n-m+l ,o ](x) ~ n-m+1,1 1 (x) 

1 
P( n-m+ 2, 1 l (x) 

n-m+2,1 ](x) 

Theorem 1 . 7 . 4 . :  

1 n,ml(X) . ~ i s  the  (2m) th  convergent  of the con t inued  f r a c t i o n  ( I . 7 . 5 ) .  

Proof: 

Let Ki+ j = P[n_m+i,j  ] (x) 1 i+j = o, 1 , . . .  
n -m+i , j  1 (x) 

Regularity of the Hk(C £) and the Hk(SC£) and the use of the formulas 

(1.7.]-4) imply that K2i+l-K2i , K2i-K2i_1 , Ki+j-Ki+j_ 2 are regular. 

So it is possible to construct the continued fraction 
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n-m xk n-m+l 
Z C k + Cn_m+ 1 x 

k=o 

I + - -  
K l -K 2 

K2-K o 

I ÷ 
( K k - ]  - K k ) ( K k _ 2 - K k _ 3 )  

k=3 (K k - ICk.2) (Kk_1-Kk_3) 

I ,  

( I . 7 . 7 )  

with convergents Ko,K],K2,... where dividing again means multiplying 

by the inverse element for the multiplication defined in Y. 

It is easy to verify that 

KI-K2 = O (n-m+1) 
K Z _ E  d " 1  and 

(K 2 - K3)(K I - Ko) 

(K 3 - KI) (K 2 - Ko) 

= E(n-m+1) 
I 

using the representation of ~n-m,o] (x), ~n-m,o] (x), ~n-m+],o] (x), 

3n-m+],o] (x),... given in § 4. 

Let us denote 

(K~I - K~ (Kk_ 2 - ¥k_,,3, ) 

(K k - l(k_2)(Kk_ ] - Kk_3) 

A(n-m+1) ~(n-m+1) 
by ~lg2 if k is even and by ~(k-I)/2 if k is odd. We write also 

A(n-m+]) = n(n-m+1) 
I ~I " 

If we write down the continued fraction that is the even contraction 

of (1.7.7) (i.e. a continued fraction having as convergents the K2k for 

k = o, 1,2,...) we get 

n-m Ckxk xn_m+1 
Z + Cn_m+ 1 

k=o 

I - A (n-m+]) - ~(n-m+1) B~n-m+1) (1.7.8) 
"'I "'1 

~(n-m+1) _ ~(n-m+l) 
I - ~1 -2 " "'" 

If we write down the continued fraction that is the odd contraction of 

(1.7.7) with n-m replaced by n-m-] (i.e. a continued fraction having as 
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I I 
convergents the PIn-m,o] (x). ~ ,  P[n-m+l, l l  (x). ~ n - m + l , l l  (x) . . . .  

on the descending s ta i rcase  (I.7.1C~), we get 

n-m-1 
kZ_O Ck xk + Cn_mxn-m A~ n-m) 

I - "'lA(n-m) -~In(n-m) - B~ n-m) A~ n-m) 

4o-m)_ qn-m  . .  

Because (I.7.8) and (1.7.9) have the same convergents, we have 

Ak(n-m+1) Bk(n-m+l) = Bk(n-m) A~+n~ m) 

Bk(_nlm+l) + Ak(n-m+1)= B~n-m) + A£n-m) 

if we put B (n-m+1) = 0. 
O 

9o 

Ak(n-m+1) = n(n-m+1) 
Xk k=1,2,... 

B(n-m*l) = ~n-m+ I) 

This completes the proof. 

Analogously we can formulate and prove the next theorem. 

(I .7.9)  

k=1,2, . . .  

k=1,2 , . . .  

Theorem 1.7.5. :  

1 ) th P[n,ml(X) • ~ is the (2m+l convergent of the continued f rac t ion  ( I .7 .6) .  

This can easily be seen by writing down the continued fraction (1.7.7) with n-m repla- 

ced by n-m-l; the convergents of this continued fraction are the abstract rational 

operators on the following descending staircase: 

I (x) '[ n-m-l,o ] 
3 n-m-1 ,o ](x) 

I I 
P[n-m,ol (x). P[n-m,l]  (x). (I .7.10) 

n-m,o ](x) 3 n-m,1 1" (x) 

P{n-m+l,1] (x)..  . . .  
O~ n-m+ 1,1 ] (x) 
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We illustrate the two preceding theorems by means of a simple example. 

Again consider 
dx (I +c) F: C'([ ],T]) -~ C([ 1,Z]): x(t) -* e x(t) ~-~ - 

The unit in the Banach algebra C([ I ,T] ) is the constant function x(t)=1 ; so we shall 

write I = I. A representant of the (I ,]) abstract Pad6 approximant is the second. 

convergent of the continued fraction (1.7.5) : 

dx 
- (1+c)  + - ~  

Q~I) 
1 

where Q~I) = x ( t ) ;  i t  i s  a lso the t h i r d  convergent  of  the  con t inued  f r a c t i o n  ( I , 7 . 6 ) :  

- ( 1 + c )  

1 - Q$O) 

1 - E~ °) 

1 

where q1~(°) = _ dXd__~ / (1+c) and EfO) = Qfl) _ QfO). indeed these convergents equal e~o) 

§ 8. EXISTENCE OF AN IRREDUCIBLE FORM 

Let the couple of abstract polynomials (P(x),Q(x)) satisfy definition 1.3.3. 

For some spaces X and Y a unique irreducible form ~.I, of the abstract rational ope- 
l 

Ka, 

rator ~.P exists. We give some examples of such spaces X and Y. 

a) For instance X = ~Por 12Pand Y = IR q or~2 q with a componentwise 

multiplication in Y, for every abstract polynomial V : X + Y 

with D(V) # ~ has a unique prime factorization in the ring of 

abstract polynomials and thus an irreducible form ~.P, of ~.P 

can be found by cancelling as many terms as possible in the unique 

prime factorization of P or Q. What's more, this irreducible form 

is unique now and all equivalent solutions (R, S) have the same 

irreducible form 4.P,. 

b) Consider a Banach algebra Z with unit I, not necessarily cor~nutative. 

Take a, a regular element in Z. 
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Now X = {~ I X ( A} i s  a Banach space  and 

{ E k i ai I X i ( A} is a comutative Banach algebra with unit I. Y 
i=o 

Every n o n z e r o  e l emen t  o f  Y i s  r e g u l a r ,  f o r  

a i 
y = Z k i a i can be written as a h Z ki+ h with k h # o and 

i=o i=o 

for every element 
i=o 

the multiplication is Z a J with 
j=o ~J 

. .. j [X{ j-1 k_ I [ 
~=<-'~ I - -L 'F+¢ z ( - 1 )  ' 

I x  o " k=2 ( i  1 . . . . .  i k )~ I  k 

X i a i with k ° e o, the inverse element for 

(j-k+1) I 

i l ! . . . i k l  

x iI xlk ] Xj I 
1 ''" k +(_l)J-I X2 

x J-k+2 o 

where I k = {(il,...,ik)(N k I i1+.--+ik=J-k+1 and i1.1+...+ik.k=j} 

The ring of abstract pol)n~omials is Y[ k], the set of all polynomials 

in k with coefficients in Y. Since Y is a field, Y[ k] is a principal 

ideal domain [ 5 Pp. 152] and thus every element in Y[ k] has a unique 

prime factorization [ S pP. 155] ; also every abstract polynomial V with 

D(~ = ~ is identically O. 

Because of the unique prime factorization, an irreducible form ~.P, 
x~ 

~.P can be found and because there are no nontrivial abstract of 

polynomials V with D(V) = 9, this irreducible form @.P, is unique 

] 
and is also the irreducible form of ~.R where (R, S) is an equivalent 

solution of (1.3.1). 

In the case of these two examples it is even true that the Banach algebra Y does not 

contain nilpotent elements. Then the only units V in the ring of abstract polynomials 

are the o-linear operators y with y a regular element in Y, because for a unit V we 

know t h a t  V i s  a l s o  an a b s t r a c t  po lynomia l  and oV <_ o(V. ) = o be c aus e  o f  len~na 1 . 2 . 3 .  

For t h e  s e q u e l  o f  t h i s  c h a p t e r  we w i l l  r e s t r i c t  o u r s e l v e s  to  Banach s p a c e s  X and 

Banach a l g e b r a s  Y w i t h o u t  n i l p o t e n t  e l e m e n t s  s uc h  t h a t  a u n i q u e  i r r e d u c i b l e  form o f  

a l l  s o l u t i o n s  o f  ( 1 . 3 . 1 )  e x i s t s .  Then ~ l P , ,  ~IQ k and ooQ , do n o t  depend  anymore on 
1 t h e  r e d u c e d  r a t i o n a l  form B--.P, we c o n s i d e r .  We c an  now r e d e f i n e  t h e  (n,m) a b s t r a c t  

Pad6 approx iman t  f o r  an  o p e r a t o r  F. 
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Definition I. 8. I. : 

Let (P(x), Q(x)) satisfy definition 1.3.3 and let 

D(P) U D(Q) ¢ ~. 

Let ~ . P ,  be the i r r e d u c i b l e  form o f@.P .  
- <  

a) I f  Q~ (O) = I ,  we c a l l  ~ . P ,  the  normalized (n,m) a b s t r a c t  

Pad~-approximant fo r  F (normalized (n,m) ~JPA). 

b) I f  O ~ D(Q,), we c a l l  @ . P ,  the (n,m) a b s t r a c t  Pad@-approximant 

for  F ((n,m) APA). 

In definition 1.8.] a) the units are fixed by the nmmalization Q,(O) = I and in 

definition 1.8.] b) the (n,m) APA is only unique up to units. 

If for all the solutions (P,Q) of (1.3.]), D(P) U D(Q) = 9, then we shall call the 

(n,m) APA undefined. 

~¢nen a unique irreducible form of the solutions of (1.3.]) exists, more detailed 

information about the cov'ariance of abstract Pad@ approximants can be given. 

Let us take a look at the reciprocal covariance. If O (D(F) and if in addition 

D(T t ) ~ ~, then 

o o ~ D ( Q . )  = o E D ( p . )  t t 

because @oQ,=o and (Co.B,o).T t x °=A,o.T t x o, and a lso  
O O 

O f D(Q,) = O * D(P,) 

because i f  8o0~ > o a l so  @oP, > o (theorem 1.5.1 b)) and i f  B,o i s  not  r egu l a r  in  Y 

a l so  A,o i s  not r e g u l a r  in  Y (Co.B,o=Ao):  So the  normal ized (n,m) APA fo r  F i s  t r a n s -  

formed in to  the  normalized (n,m) APA fo r  F and the (n,m) APA fo r  F i s  t ransformed in to  
] ,  the  (n,m) APA fo r  g i f  D(T t ) # 9. 

O 

Let us take  a look a t  the  covar iance  p roper ty  1.6.2.  I f  O (D(c .F+d)  and i f  in  addi-  
1 t i o n  ~(a 'd-b 'c)  i s  r egu l a r  :in Y, then ~ .  ( a . P + b . O , )  i s  the  i r r e d u c i b l e  form 

of  ,--~ - - , . > ~ ' ( a ' P + b ' Q ) "  I f  D(T t ) ~ 9,  a]Zo - -  
O 

o E D(%) = o ~ D(c .P ,+d.%) 

because (c.P,+d.O~) (O) = (C.Co+d).B.o , and 

o ¢ D(%) = O ¢ D(c.P,+d.%) 

because for  @oO~ > o a lso  ~oP, > o (theorem 1.5.1 b)) and i f  B ° i s  not  r e g u l a r  in Y 

a l so  (c.P,+d.O~)(O)=c.A,o+d.B,o=(C.Co+d).B,o i s  not  r egu l a r  in  Y. So the  normal ized 

1 (a. F+b) and (n,m) APA for  F i s  t ransformed in to  the  normalized (n,m) APA fo r  ~ .  

] (a .F+b),  i f  D(T t ) ¢ the  (n,m) APA for  F i s  t ransformed in to  the  (n,m) APA fo r  ~ .  

and (a.d-b.c) is regular in Y. o 
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Let us take a look at the covariance property 1.6.3. Because here S,(O) = Q,(O), 

automatically the normalized (n,m) APA is transformed into the normalized (n,m) APA 

and the (n,m) APA is transformed into the (n,m) APA. 

From now on we shall often consider the normalized (n,m) APA to be a special case of 

the (n,m) APA and not mention the specification normalized. 

§ 9. FINITE DINENSIONAL SPACES 

a) When X = N = Y (A = ]R), then the definition of abstract Pad~ approximant is pre- 

cisely the classical definition of univariate Pad6 approximant. F is now a real-valued 

one real variable, with a Taylor series development ~ ckxk where function of 

Ck = 1 ~ ! F ( k ) ( 0 )  i s  a r e a l  number .  k=o 

The k - l i n e a r  and  bounded  o p e r a t o r s  c k a r e  Ckxk = ck.x...__~x 

k 

The j - l i n e a r  and  bo unde d  o p e r a t o r s  B .x  j = b . . x . . . x  f o r  j = n m , . . .  ,nm+m s u c h  t h a t  
J J -  - -  

Cn+l.bnm+...÷Cn+1_m.bnm+m = 0 J 

C n+ m. bnm+ ... +c n . bnm+m = 0 

are a solution of (I.4.2). 

The i-linear and bounded operators A x I = a .x...x for i=nm,...nm+n such that 

r i 
c .b = a 
O nm nm 

c].bnm+C.bnm+1 = anm+1 

+ . . . + C  = c .  bnm o" bnm+n anm+n 

are a solution of (1.4.1). 

The irreducible form 

1 1 1 nm+n 
O~(x) .p.(x) of ~ .P(x) n~+m z 

Z b.  x j i=nm 

j--nm J 

I 
is also the irreducible form ~.P,(x) of 

i 
a.x such that Q, (0) = 1 
1 

r~+n i-rim 
Z a. x 

i=nB 1 1 

nm+m 
Z b.  x J-nm 

j--rim J 

with Q,(0) = 1. 
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b) I f  X = N p and Y = I~ (A = N ) ,  then F is  a r ea l -va lued  funct ion of p r ea l  v a r i a -  

b les ,  Now L(xk,y) i s  isomorphic with 1RP k. More about m u l t i v a r i a t e  Pad~ approximants 

can be found in chapter  I I .  

c) If X = NP and Y = I~ q (A = N), then F is a system of q real-valued functions in 

p real variables. Now L(X,Y) is isomorphic with R qxp and L(xk,y) isomorphic with 
k k 

IR qxp . An element of Nqxp is represented by a row of pk-1 matrices (blocks), each 

containing q rows and p colunns [41]. For a k-linear and bounded operator C k = 

(cil...ik+1) we have 

i I = row-index in the block 

i2...i k = number of the block (the most right index grows the 

fastest) 

ik+ 1 = column-index in the block• 

So C k = ( C i l . . . i k +  1) looks l ike  

t "  I C l i 2 " " i k l  "'" Cli2 "'" ikP " t  
• . .  

Cqi2 . . . i k  1 " '" Cqi 2 . . .  ikP 

k - /  

P 

( p 

j ~ l c q i 2 " " i k J  xj 

Thus the r e s u l t  of one eva lua t ion  i s  a hypermatrix containing q rows of  pk-1 numbers, 

i . e .  a row of  pk-2 matr ices  (blocks) each contaning q rows and p columns; in o ther  

words the r e s u l t  of one eva lua t ion  is  a ( k - 1 ) - l i n e a r  and bounded opera tor .  

The a b s t r a c t  polynomials (p,Q) s a t i s f y i n g  d e f i n i t i o n  1.3.3 now have fo r  each of the 

q components the form of the m u l t i v a r i a t e  polynomials in b) .  More about the so lu t ion  

of a system of nonl inear  equations in p rea l  v a r i a b l e s  by means of abs t r ac t  Pad~ 

approximants, can be found in chapter  I I i .  
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§ 10.  THE ABSTRACT P.M)E TABLE 

Let R denote the (normalized) (n,m) APA for F if it is not undefined. The R 
n,m n,m 

be ordered for different values of n and m in a table: 

Ro, o Ro, 1 Ro,2 
R1, o RI,1 R1,2 
R2,o R2,1 . - .  

R3, o 

can 

Gaps can occur in this table because of undefined elements. 

We will now prove that the abstract Pad~ table consists of squares of equal elements 

under the following condition, numbered (I. 10. I). aT 
I k 

Let (P,Q) be a solution of (1.3.1). Let Rn, m = ~.P, and T(x) = Z TkX . 
k=t We need a solution (P,Q) where o 

D(Tto ) ¢ ~ (1.IO.1) 

to be able to prove the block-structure of the Pad6 table. For every (n,m) where 

this condition is not satisfied the block-structure may be disturbed. An example of 

this phenomenon will be given after theorem I. IO. I . First of all we shall prove 

the following len~na which we shall frequently use in the next proofs. 

Lermaa 1 . 1 0 . 1 . :  

Take  x ° i n  X, x ° ¢ O. F o r e v e r y  n i n  1N, t h e r e  e x i s t s  D n i n  L ( x n , y )  s u c h  

t h a t  D x n = I .  
n o 

P r o o f :  

Letn = I. 

Take x o in X, x ° # O and define the linear functional [ 41 pp. 34] 

f : M= {XXo I k ~ A}~A : ~Xo~ k. 

fi xxj 
Now I f (kXo)  I = Ixl = ifXe;[ . 

flxr[ 
Define the norm p(x) = ~ on X. So !f(x)[ ~ p(x) for every x in M. 

By the functional analysis theorem of Hahn-Banach [ 43 pp. 57] 

this linear functional f can be extended to a linear functional 
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} : X~ A such that f(x) = f(x) for every x in M and such that 

If(x) l 5 p(x) for every x in X. 

We now define D] : X ~ Y : x + }(x).I. 
~ 

Clearly D I (L(X,Y) and D 1 x ° = I since f(Xo) = f(x o) = I. 

x n-1 = I then we can define for I f  D _ I  ( L ( x n - ] , Y )  wi th  D_1  o 
~ 

x i n  X : D n x = f ( x ) . ~ _  1 and so ~ ~ L(xn ,y) .  

n ~ . D  x n - 1  = I ,  Now D x  ° = f(Xo) l o 

This lemma implies that for x ° ~ O and n given, we can always find D n 

with x ° (D(Dn). 

in L(xn,y)  

Theorem 1 .10 .1 . :  

I for F. Let (I.]O.1) be satisfied. Let ~ . P ,  = Rn, m 

Then a) ao(F.Qk-P,)  = aoQ,+alP,+alQ~+t+] wi th  t >_ o 

b) n _< a l P + t  and m <_ a lQ,+t  

c) i f  aoQ , _< a l P . a l Q  ~ then f o r  a l l  i n t e g e r s  i , j  s a t i s f y i n g  

alP * _< i _< a l P , + t  and alQ * <_ j 5 alQ~+t: Ri, j = Rn,m. 

Proof: 

a) In theorem 1.5.4 b) we proved that 

o(x% % + ai% + aiQ . + I (F.o . , -p , )  (x) = ) ,  

in other words that ao(F .Q, -P , )  ~ 8oQ * + a lP ,  + alQ , + 1. 

Write ao (F .Q, -p , )  = aoQ, + a ] p ,  + alQ, + t + 1 wi th  t _> o. 

b) Suppose n>aIP * + t or m > aIQ , + t. 

Then for every r, o a r _< min(n - alP,, m - ~IQ,) and for 

nm-Bo~+r 
every  Tnm_aoQ,+ r in L(X ,Y) with 

D(Tnm_%Q,+ r) ¢ ~ we have 

ao[ Tnm_aoQ.+ r. (F.%-P.)] = (nm-aoQ.+r) + (aoQ.+ a iP.+a ]%+t+ I) < nm+n+m+ ] 

This is in contradiction with theorem 1.5.3. 
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c) Let s = min(i - 81P,, j - 810~). 

Since aoQ * _< aiP,.@iQ,, we know that i.j - ~oQ , + s >_ o. 

i.j-%q,+s 
Take D s in L(X ,Y) with 

D(Ds) 0 (D(P.) U D(Q~)) # 

which is possible because of lemma I. 10. I. 

For Pl = P*'Ds and QI = Q*'Ds we have 

I ~oPI _> 3oP. + (i.j - 3oQ ~ + s) > i.j 

aoQ I _> OoQ, + (i.j - 0oQ . + s) _> i.j 

t P1 -~ (alP* + °oQ*) + ( i . j  - aoO, + s) _~ i . j  + i 

0Q 1 -< (01% + 0o0.~) + (i.j - aoQ * + s) _< i.j + j 

i.j+8 IP.+ 0 iQ,+s+t+ 1 
and (F.ql-Pl)(X) = O(x ) 

Since i ~ 01P * + t and j ~ 31Q ~ + t we know that 

i.j + i + j + I ~ i.j + 01P * + ~IQ * + s + t + 1. 

So (F.ql-p1)(x) = O(x i ' j + i + j + l ) .  

Remark the fact that if one element of a square in the abstract Pad~ table is defined, 

all the elements of the same square are because of the constructive proof of theorem 

I. 10. I c). Also if one element of a square is a normalized APA, then all the elements 

of the same square are. 

We now give an example where the block-structure is disturbed because (1.IO.I) is 

not satisfied. 

y /,7% /'i+ k \ 
k=o 

Take F : A2_. A2 : (y)~ 1+y )=f. I) k+1 ) - c o s x / ~ s  (- 2k 
- "  ~ = 1  (2k) ! 

Now for all h > o : Rh, I = Rh, o. We shall explain this. 

For h even: 

(-1) 7 

h 
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Ah (y) h = O ' Ah*l (y) h+l 

h 

and 

I h+£+2 1 (- I) 2 h+l Y 
Ah+l (y) h+l h+£+2 h+l 

( - D  2 
h~g! 

(~)h+kY = 0 for  1 odd and 3 5 1 < h Ah+l 

are a solut ion of (1.4.1) and (1.4.2).  

for g even and 2 5 £ ~ h 

For h odd: 

(-1) yh 

(1)h i10  ) yh 

Ah Ch= 

I 0 
Bh+l (~)h+l = h+3, 

(-1) 2 
h+ 1 

x 
(h+l)! 

~1)h21 ° ) h+l 
Y 

Ah+] (~)h+] = 

and 

~+£ (y)h+l = 0 for £ even and 2 _< I < h 

h+g-2 
(-1) 2 yh+g 

(x%h+l 
Ah+l -y" = h+__./_l h+g 

( - D  2 x 
(h+1)!(l-1)1 

) for g odd and 3 _< 1 _< h 

are a solution of (I.4.1) and (1.4.2). 



49 

For all h numerator and denominator of the solution have been devided by 

x h B (x)h+l 
Bh(y) + h+1 y to get the irreducible form Rh, I. Now D(Bh) = ~ and D(Bh+]) = 0 

and we cannot find T h in L(xh,y) or Th+ ] in L(xh+],Y) such that: 

(P,.Th,Q,.Th) satisfies (I.4.])and ~.4.2) and D(T h) ¢ 

or 

(P,.Th+I,Q,.Th+I) satisfies (1.4.1) and (1.4.2) and D(Th+I) ~ 

So (1.IO.1) is not satisfied for the normalized (h,l) APA. Other examples where (I.I0. I] 

is not satisfied will be discussed in the next paragraph. 

§ 11. REGUKaRITY AN~D NORMALI'I7 

11.1. Definitions 

Regularity and normality are also defined exactly as in the case of univariate Pad6 

approximants. 

Def in i t ion  1 .11 . I . :  

The (n,m) APA~I.P, for F is  ca l led regular  i f  

(F.Q~-P,) (x) = O(x a°Q~+n+m+t+l) with t ~ o. 

Definition 1.11.2. :  

The (n,m) A P A ~ . t ~  for F is  ca l led  normal i f  i t  

occurs only once in  the abs t rac t  Pad6-table.  

Clearly the elements in the first colu~an of the Pad~ table are regular because the 
th 

(n,o) APA is the n partial sum of the Taylor series development of F and 

(F.Q-P)(x) = o(xn+1). If C = F(O) is regular in Y then also the first row of the 
o 

Pad~ table consists of regular abstract Pad6 approximants. 

11.2. Normalit~ 

The following theorem makes clear that, under the assumption of (1.I0. I), normality 

is stronger than regularity. 
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Theorem I. I I. I. : 

Let (I, IO.I) be satisfied and let 800 * <_ 811~.810 ,. The (n,m) APA ~.P, for F 

is normal if and only if 81P . = n and 810 * = m and ao(F.0*-P.) = 8o0*+n+m+1. 

Proof: = 

Since R is normal, t = o in theorem 1.10.1 c). 

According to theorem 1.]0.1 b) we have n_~81P . and m _< 81Q ,. 

Because of theorem 1.5.2 b) we also have 81P . _< n and 810. -< m. 

So n = 81P . and m = 810 * . 

According to theorem I. 10. I a) we then have 

8o(F.O,~-P.) = ~o0 +n+m+] 

The proof goes by contraposition. 

Suppose we can find i,j with i > n or j > m and such that 

Ri, j = Rn, m (because of theorem 1.10.1 c) we have in any case 

that n _~ i and m -~ j). For every integer s and for every 

i.j+S-8oQ . 
D s in L(X ,Y) with D(Ds) N (D(P,) U D(Q,)) # ~ and with 

[ (F.O~-P,).Ds] (x) = O(xi'j+i+j+1), we have 

i.j+i+j+J _~ i.j+n+m+s+1 

because 8 ° [(F.Q,-P,). D s] = i. j+n+m+s÷ I. 

So s > i-n or s > j-re. This is in contradiction with 

theorem I. 5,3. 

Because of the formulas (1.4.3) and (1.4.4) we have for P[n,m] 

x n.m+m (_i) m H m x n-m+2) 
Bn.m+ m = (Cn_m+ 2 

x n . m+n 
An.m+ n = Hm+ I (Cn-  m x n-m) 

xn-m xn-m+l) 
Bn. m = Hm(Cn_m+ I 

x n-m+1 ) + 
(F .Q[n ,m l - P [ n , m l ) ( X )  = ( -1)  m Hm+ t (Cn-m+ 1 . . . .  

and (~n,m] : 
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The following theorem is also a generalization of a well-known classical result which 

states that normality is equivalent with the non-triviality of 4 determinants. 

Theorem 1 .11 .2 . :  

Proof: 

Let 8oQ , _< alP..a]O~. If D(P[n,m]) U DC3n,m ])  / ~ and i f  T(x) = Ti~a_8oQkxnm-8o O~ 

1 then  the  (n,m) APA ~--.P, f o r  F i s  normal i f  and only  i f  

H m (Cn+]_ m :x: n+ ] -m)  # 0 

H m (Cn+2_ m x n+2-m) ~ O 

Hm+ 1 (C_m x n-m) # 0 

G+I (Cn+1-m n+1-~) ~ O 

Since q n,m] = Q*'T we have 

= xn+1-m) %Q=%%+ t o %% + ( r im-%%) =~andso~(Cn+1_ m ¢0.  

Suppose H m (Cn+2_ m x n+2-m) _= O. 

Then 31Q , = aQ, - aoQ . 

_~ a3n,m ] - t o - aoQ . because of lenmla 1.2.3 

< nm+m- t o - aoQ * 

= m because t o = nm - aoQ ,. 

Suppose Hm+ 1 (Cn_ m x n-m) ~ 0 

Then a lp  * = aP. - aoO ~ 

_~ aP[n,m ] - t o - aoQ , because o f  len~na 1 .2 .3  

< r ~ + n -  t O - 8 0 0 . ,  

= n becaklse t = rlm - @oQ ,. 
o 

These conclusions contradict the normality of ~--.P, 

Because D(T) # ~ we have ao(F.~n,m ] -P[n,m]) = ao(F.Q,-P,)+Cnm-aoQ,) 

= nm+n+m+ l 

xn+ 1 -m) and so Hm+ 1 (Cn+t_ m t O. 
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Since  ~P[n,m] = nra÷n and P[n,m] = P , .T  we have 3P. = nm+n-(nra-~oO,~ ) 

and so ~lP,  = n. 

Since O3n,m ] = nm+m and 3n ,m]  = % . T  we have 8Q, = nm+m-(nm-aoQ,) 

and so 8IQ , = m. 

Because D(T) # ~ we have ao (F .Q , -p , )  = ao(F. ~ n ,ml -P[n ,ml ) - (nm-3o  0~) 

= aoQ,+n+m+ I. 

So -~_L p, is normal. 

11.3. Regularit~ 

The following theorem is a criterion for regularity. 

Theorem 1 .11 .3 . :  

I The (n,m? APA ~ . P .  

Proof :  

for F is regular if (I.10. I) is satisfied with to=~n-8oQ ,. 

Since (P,Q) = (P,.T, Q,.T) satisfies (I.4.1) and (I.4.2), we 

have Oo(F.Q-P) ~ n.m+n+m+1. 

Because D(rnm_aoQ,) ¢ ~, we can conclude that 

8o(F.O~-P,)  = 8o(F.Q-p ) - (nm-0oQ,) ~ 8oQ.+n+m+1. 

The following example illustrates that if the (n,m) APA is regular, we do not neces- 

sarily have that D(T t ) / ~ or to=nm-@oO ~. 

Cons ider o (x) ye y 

4 x y F : IR 2 IR2 : (y) x 

I + +sin (xy 
O. 1-y 

is/x+x+o \ 

\ I÷IO -1o. 1,, ] 
X 1-10. ly / 

% 

® I . . \ 

Z . x lyJ  ,) I i , j = o  ( i+3)!  
= | ~ ( x ~ , )  2k÷1 

1+ Z (]ok÷lxyk+(-1)  k " 
X k=o (2k+l) ! 
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T h e ( l , 1 )  APA i s  r e g u l a r  s i n c e  a o ( F . O , - P )  = 3 = 3oO~+n+m+l w i t h  8o0 ~ = o.  

x 1 _ .x .  t o  10 
Now T(y) = (iOx). So ~toLy) = ( ) with to = o. 

1 1 . 4 .  Numerical examples 

Let us now illustrate these results by some nt~nerical examples. Take 

Y x s in (xy) F: ~ 2  ~ :  ( )  ~ 1  +O._TT~_y + 
, , 2 k + 1  

= l+ lOx+ lO lxy +  Z l O k x y k - l +  Z ( - 1 ) k ~  
k=3 k=1 

Clearly ) y ~ for all R D(Tt  ° n,m" 

The (1,1) APA is 1+10x-10"Iy with 
1-10 .  ly  

800. * = o ,  81P . = 1, 8 1 %  = 1, 8o (E . O . , -P , )  = 3.  

8o i t  J s a n o r m a l  e l e m e n t  i n  t h e  a b s t r a c t  P a d ~ - t a b l e .  

The ( 3 , 1 )  APA i s  l + l O x - l O y + x y - l O x y 2  
I-I0y with 

800 ~ = o ,  81P . = 3,  810 ~ = 1, 8 o ( F . Q , - P , )  = 6 a n d  t o = 3. 

So i t  i s  a r e g u l a r  e l e m e n t  i n  t h e  a b s t r a c t  P a d @ - t a b l e  and  we h a v e  t h e  

f o l l o w i n g  s q u a r e  o f  e q u a l  e l e m e n t s :  R3, 1 = R3, 2 = R4, 1 = R4, 2. 

The ( 1 , 2 )  APA i s .  x - 1 " O 1 y + l O y 2 + l O x 2 - 2 0 " 2 x y  w i t h  
x - 1 . 0 1 y + l O y 2 - 1 0 ,  l x y + 2 . 0 l x y  2 

8oQ , = 1, 81P . = 1, 81Q , = 2, 8 o ( F . Q , - P , )  = 5. 

So i t  i s  a l s o  a n o r m a l  e l e m e n t .  

The (3,3) APA is 

2~I 10-5 x 2 xy2 I 2 I 2 y + + 1Oy(x-y) + (I-IOy) + Z-~ x (Z.Olx-y) +-@~x y(1.O3Olx-y) 

2~I 10-5 x 2 2 I 2 I 2 2 
--. ~---ooX y %-~x y y + - 1Oy - - 

with 8oQ . = I, 81P . = 3, aiQ . = 3, 8o(F.Q,-P.) = 8 and thus it is also 

a normal element in the abstract Pad@-table. 

§ 12. PROJECTION PROPERTY AND PRODUCT PROPERTY 

Consider Banach spaces Xi, i=1,...,p < ~. 
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P 
The space X = FI Xi, normed by one of the following Minkowski-norms 

i=1 

P i ) )  1/q 
IIXllq = ( ; llxill I 

i=l 

P 
tlxlt 1 = Z IFxill(i ) 

i=1 

Ifxtl~ = max(llXlll (1) . . . . .  IlxplF (p)) 

where IlxiH(i ) i s  the  norm of  x i in X i and x = (x 1 . . . .  , xp) ,  i s  a l s o  a Banach space.  

We in t roduce  the  fo l l owing  n o t a t i o n s  

JY< = (x 1 . . . . .  x j_  1, O, xj+ 1 . . . . .  Xp) 

x , j ,  = (x 1 . . . . .  Xj_ l ,  xj+ t . . . . .  Xp) 

Theorem 1.12. t . :  

P I 
Let X = rl X. and . be the (n,m) APA for F: X Y and j ~ {I,. 

i:I 1 < P* . . . .  P}" 

Let (I.10.]) be satisfied. 

If S(x,j,) := Q, (J~) 

R(x,j,) := P. (J~) 

G j ( x , j , )  := F(J~) 

D(S) U D(R) @ 

then the irreducible form 1 1 ~,.R, of ~.R is the (n,m) APA for Gj. 

Proof: 

First we remark that for a botmded k-linear operator L of L(xk,y), 

if the operator M is defined by 

Mx,j, k = M(x I ..... xj_ I, xj+ I ..... Xp) k := L j~k, then 

P xi)k,y). M is a bounded k-linear operator of L (( 
i=I 
i#j 

Because (I. 10. I) is satisfied, we have t _> o such that 

8o(F.Q~-P .) = 8oQ ~ + alp , + 81Q ~ + t + I 

a lP  . 5 n  5 8 1 P  . + t 

alQ , -~m_~alQ ~ + t 
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Using one 6f the Minkowski-norms II IIq (I _< q _< -), 

ilJx~lq P = ll(x I ..... xj_1, o, xj+ I ..... X_p)llq in N X i equals 
i=I 
P 

IIx, j,llq = ll(x I ..... xj_1, xj+] .... , Xp)llq in i~ I X i. 

i#j 

Thus (F.Q.-P.)(J~) (Gj.S-R)(X.D,) O(x,j a°Q*+alP*+aIQ*+ t + I 

< NOW a P .  = a l p .  + aoQ * _~ a ( P , . T )  - t o _ rm~+n 

a n d  a Q ,  = a t O ~  + a o O  ~ _< a ( Q , . T )  - t o _< nm+m 

a n d  s o  s = n m -  a o Q  * + m i n ( n  - a l P , .  m -  a l o e )  _> o .  

P 
Take D s in L(( ~ xi)S, Y) with D(Ds) n (D(S) U D(R)) # 9. 

i=I 
i#j 

Then a ° (R.Ds) >_ nm, ao(S.Ds) _> nm 

a(R.D s) -< aoQ.+aiP. + nm - aoQ * + min(n - alP., m - aiQ.) _<nm+ n 

a(S.Ds) -< aoQ. +aiQ , + nm - @oQ , + min(n - alP., m - aiQ.) _<run + m 

[ (Oj .S-R) .D s ](x,j .) 

aoQ~ +a i P,+a iQ~+t+min (n-a IP, ,m-a I% ) +nm-aoQ, + I =0 (x,j, ) 
nm+n+m+ I) 

= 0 (x,j, because m < aiQ.+t and 

n _< aIP,+t 

The irreducible form of ~-~--. (R.Ds) is also the irreducible 

form of ~.R and this terminates the proof. 

We now return to the situation where the (n,m) abstract Pad~ approximant is an 

equivalence class. 

First we searched for a product property of the following kind. Let XI, X 2 be Banach 

spaces and Y a comutative Banach algebra. If (P.] (Xl)'Q*I (Xl)) is the (n,m) abstract 

Pad6 approximant for the operator F]: X] + Y and (P.2(x2),0~2(x2)) is the (n,m) ab- 

stract Pad6 approximant for the operator F2: X 2 -~ Y, is then (P.(x I ,x2),O.(x I ,x2) ) = 

(P*] (Xl)"P*2(x2 ) '0"I (Xl)'O*2(x2)) the (n,m) abstract Pad6 approximant for 

F: X I x X 2 -~ Y: (Xl,X2) -~ F1(Xl).F2(x2) ? 
In fact it is not at all natural to have a property like this; the following simple 

counter-example proves it. 

Let F]: C([O,I]) + C([O,I]): x(t) ~ e x(t) and F2: C([O,I]) + C~[O,I]): y(t) + e y(t), 

then F: C([O,]]) x C([O,I]) -+ C([O,I]): (x(t),y(t)) -~ e x(t)+y(t). Take n=1 and m=2. 
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1 2 1 2 
The coul)le of abstract polynomials (I x(t) 1-~x(t)+~x (t)) belongs to the (I 2) 

abstract Pad@ approximant for F 1 (1+.~y(t) 2 1 2 , . , 1 - y y ( t ) + ~ y  ( t ) )  to  t h e  (1 ,2)  a b s t r a c t  

Pad@ approximant  f o r  F 2 and ( l + ~ ( x + y ) ( t )  , 1--2(x+y) ( t )+~( ,x+y)2 ( t ) )  to  t h e  (1,2? ab-  

s t r a c t  Pad@ approximant  f o r  F. I t  i s  easy  to  see  t h a t  

4 _~ 2 1 2  2 1 2  [ ( 1 3 x ( t ) ) . ( l +  y ( t ) )  , (1-~x( t )+%x ( t ) ) . ( 1 - ~ y ( t ) + - { y  ( t ) ) ]  does  not  be long  to  t h e  

(1 ,2)  a b s t r a c t  Pad@ approximant  f o r  F. 

Now l e t  X be a Banach space  mad Y. commutat ive  Banach a l g e b r a s .  Cons ide r  n o n l i n e a r  
1 

o p e r a t o r s  F i :  X -~ Yi '  i = l , . . . , q  < ~ and F: X q Yi:  x + ( F i ( x ) ,  i = 1 , . . . , q )  
q i=1 

where I1 Y. i s  a cor~auta t ive  Banach a l g e b r a  w i t h  component -wise  m u l t i p l i c a t i o n  
i= 1 i 

and normed by one of the ?4inkowski-noi~ns ]i (Yl "'" ,Yq)I]p (I < p < @. 

We can obtain, by renorming, that Ii(I 1 ,... ,lq)II p = I where I i is the unit for the 

multiplication in Y.. 
]. 

Theorem 1 . 1 2 . 2 . :  

q q 
Let ( q D(Qi)) U ( q D(Pi)) # ~ for the considered solution (pi,Qi) of 

i=I ~ i=I 
(1.4.1) and (1.4.2) for F i. Then (p,i,Q,i) is the (n,m) abstract Pad6 

approximant for Fi, i=1,...,q if and only if 

(p. ,0 . )  = 

P*I Q~I 

~2 Q*2 

P.q Q.q 

i s  t he  (n,m) a b s t r a c t  Pad~ approximant  f o r  F. 

Proof :  

S ince  (P* i '  Q*i ) i s  the  (n,m) a b s t r a c t  Pad~-approx imant  f o r  F i ,  

a b s t r a c t  po lynom ia l s  T i e x i s t  such t h a t  (P i ,Qi )  = ( P , i . T i ,  Q , i . T i )  

s a t i s f i e s  ( I . 5 . 1 )  f o r  F i ,  i n  o t h e r  words n o n n e g a t i v e  c o n s t a n t s  

K i e x i s t  such t h a t  I[ [ ( F i . Q , i  - P , i  ) . T  i ](x) l] ~ K i Ilxll nm+n+m+l 

in  a ne ighbourhood  o f  the  o r i g i n ,  and t h i s  f o r  i = J , . . . , q .  

q q q 
Because ( n D(Qi)) U ( g D(P i ) )  # ~ a l s o  N D(T i )  ¢ 9. 

i=I i=I i=I 
q 

We use the Minkowski-norm IT Ilp in i~21_ Yi for some p with 
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Then for p = I let K = ~ Ki, for p = ~ let K = max Ki, 
i i 

for I < p < ~ let K = (Z KiP) I/P and we find 
1 

I1( [(F i - Q , i - p . i  ) .Wil (x ) ,  i = 1 . . . . .  q) IXp ~ K. tlxll nm+n+m+l 

in  a ne ighbourhood o f  the  o r i g i n .  

P,j.W] Q,].T]I 

Thus (P, Q) = " , " 

P.q.Tq Q.q .Tq  J 

satisfies ( I . 3 . 1 )  f o r  

F and D(P) U D(Q) ¢ 9- 

Since (P,, Q,) is the (n,m) abstract Pad6-approximant for F, 

an abstract polynomial T exists with D(T) # ~ such that 

[(F.~-P.).~ (x) = o(xnm+n+m+]). 

(T) i for the i th operator-component of T. We write 

We know that II [(Fi.O~i-P,i). (T) i] (x) l[i~ I! [(F.Q,-P,).T] (x) IIp 

q 
for i = I, ..., q and for whatever Minkowski-norm used in ~ Y.. 

i= ] i 

So (Pi' Qi ) = (P*i'(Z)i ' Q*i'(T)i ) satisfies (1.3.1) for F i and 

q q 
D(P i) U D(Q i) ¢ f~ since D(Pi) ~ n D(P i) and D(Qi) ~ ~ D(Qi). 

i=] i=I 
q q 

Remark the fact that if ( N D(Pi)) U ( N D(Qi)) = ~, we cannot find 
i=] i=] 

x in X where the q solutions (Pi' Qi ) of (I.3.]) for F i can be used simultaneously. 

Pl Q] 

I t  i s  u s e l e s s  then  to  c o n s i d e r  (p, Q) = " • s i n c e  D(P) U D(Q) = ~. 

Pq qq 

We illustrate the theorems 1.12.] and 1.12.2 with an example. 

x 
xe - ye y 

Take G : ]R 2 ~ N : (x, y) -, 
x - y 

x + y + O.5(x 2 + 3 xy + y2) 
The (1,I) APA for G is 

x + y - 0.5(x 2 + xy + y2) 
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For j=1: x = O and for j=2: y = O 

GI: ]R -* IR: y . e y G2: IR ~ IR: x + e x 

1 1 1 + 7 y  1 + ~ x  
Indeed the (1,1) APA for G 1 equals -----T- and for G 2 equals ---~. 

1 - ~y I - -~x 

Speaking again in terms of equivalence-classes, the couple of abstract polynomials 

(x+y+O. 5 (x2+3xy+y 2) , x+y-O. 5 (x2+xy+y 2)) belongs to the (I, I) abstract Pad~ approximant 

for G. We already verified that (1+1Ox-10. ly, 1-IO. Iy)belonged to the (1,1)abstract 

I 
Pad~ approximant for F: ~2 + •: (x,y) -* 1+~_y sin(xy). 

1 + t O x -  10 .1y  1 - 10.1 y "~  

) Now 

x + y + O.5(x 2 + 3 xy + y2) x + y - O.5(x 2 + xy + y2) 

belongs to the (1,1) abstract Pad6-approximant for (F). 

We have to remark that the restrictive conditions formulated in all the theorems given 

in this chapter, are always fulfilled in the classical theory of Pad~ approximants 

for a univariate function. 



CHAFFER II: MULTIVARIATE PADE APPROXIMANTS 

§ I. MOTIVATION 

We will now study the multivariate Pad6 approximants (X = R p, Y = JR) more in detail. 

This is interesting because of several facts: 
] 

a) the irreducible form T.p , is unique, Y contains no nilpotent elements and condi- 

tion (I.I0. I) is always satisfied, so all the theorems mentioned in chapter I are 

valid; 

b) more similarities with the univariate Pad~ approximants can be proved, more proper- 

ties can be formulated. 

Besides those theoretical conclusions we will also compare our multivariate Pad@ appro- 

ximant with other generalizations of the classical Pad~ approximant to multivariate 

functiens, by means of many numerical examples. 

Most of the times we will still use the notations 

F(x) = 2 C k x k with x ~ ~P 
k=o 

n xnm+ i 
P(x) = z Anm÷i 

i=o 

m xnm+ j 
Q(x) = Z Bnm+j 

j=o 

~-~ (x) for the irreducible form of-~(x) 

where for the multivariate function F and the multilinear operators A+i 

k I k 
c kx k= z ck~.." x I ...xP 

k1+'" "*b =k b P 

I a k F(x I ..... xp) 
= - -  

with ak 1...kp ~ k I k 

k I .... b ! 8x I ..,8% p 

xnm+ i i I i 
Anm+i = Z .i Xl "" i]+...+ip = nm+i a11"" p "xPP 

Bnm+j x nm+j = Z b- xJ]]...XJp p 
j1+ .... jp--nm+j 31""Jp 

and B . : 
nm+j 
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We already mentioned that the Pad~-approximation problem (I.3.1) is equivalent with 

the solution of 2 linear systems of equations (I.4.1) and (1.4.2) 

I X nm = A x n/n 
Co'Bnm nm Wx ~ ~P 

x n m +  . . .  + C .B x nm+n nm+n p 
Cn x n ' B n m  o nm+n = Anm+n x Vx ~ ~R 

• x nm+j  O f o r  j > m. with gnm+3 

. . .  x n + ] - m . B  x nm+m = O Vx ~ 1R p Cn+ l  x n + l  "Brim xnm + + C n + l - m  nm+m 

Cn+ m x n + m . B  x nm + + C n xnm+m 
nm " " " n x .Bnm+m = O Vx ( R p 

w i t h  C k x k ~ O f o r  k < o .  

• J l J p  /p+j-]~ 
E a c h  t e r m  B . x  J = . Z . . b .  x 1 . x  c o n t a i n s  / ] c o e f f i c i e n t s  

J J l + " ' + J p  =J J l " ' J p  "" P ~ J 
nm+m ( p + j - 1 )  

bjl...3 p So the homogeneous system (1.4.2) contains in total N u 3=nm ~ J 

unknown coefficients bjl...j p of the Bnm+j (j=o,...,m). 

The k th equation in (1.4.2) equates an (nm+n+k)-linear operator in p variables to zero. 

(p+nm+n+k- I 1 
So it equates k nm+n+k ] coefficients in that operator to zero. Thus in total we 

n ( D + n m + n + k - l ~  
= Z h o m o g e n e o u s  e q u a t i o n s .  have N e k=l \ nm+n+k ] 

It is easy to show that 

Ne run + n + m nm + n 
a n d  

Nu = nN +m rim- ] 

(7) 
a )  F o r  p = 2 :  N u - N e = 1 a n d  s o  o n e  u n k n o w n  c a n  c e r t a i n l y  b e  c h o s e n  a n d  a n o n t r i v i a l  

solution always exists. 

b) If p > 2 the nontriviality of the solution is proved as follows. 



Suppose that the matrix 

( C xn+l n+1-m 1 n+ ] " " " Cn+ 1-m x 

%+m xn+m Cn Xn 

of the homogeneous system (I.4.2) has rank k, in other words that a vector x exists 

in ~P such that the determinant of a kxk submatrix is nonzero. In any case o < k ~ m. 

The homogeneous system (1.4.2) can now be reduced to a homogeneous system of k equa- 

tions in k+] of the unknown Bnm÷jX um+3 (j=o,...,m): 

/ 
k n+h]-Ji nm+Ji 
i[ ° Cn+hl_j i x Bnm+j i x = 0 

• ( n . 2 . 1 )  

k 

iZ=o Cn+hk-J i 

n+hk-Ji nm+j 
x B x 

nm+j i 
=0 

with I ~ h i ~ m for i = 1, ..., k 

and I o ~ Ji ~ m, i = o .... , k 

Jo  < "'" < Jk 

In fact we have removed (m-k) rows and (m-k) columns in the coefficient matrix of 

system (1.4.2) to obtain the coefficient matrix of system (II.2.1). We will number 

the rows that we have removed ~1 ,... '%1-k and the columns that we have removed 

~-1+1 ,... ,~m_k+1 (notice that the rows that we have retained, are numbered h I ,... ,h k 

and the columns Jo+1,... ,Jk+1). 

m-k 
Write £ = n(m-k) + Z (]~i-Ti). The determinant 

i=] 

n+h]-j] n+h]-Jm_k 
c÷~1_~1 x . . .  Cn+hl_ j~_k x 

n+hm_k-3 1 n+h_k-3m_ k 
C+~m_k_71 x . . .  Cn+%_k_JL_k x 

is then a bounded £-linear operator; it is easy to see that o ~ £ < nm+Jo. 
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Let E£x / be a nontrivial £-linear bounded operator in L((RP)£,N). Then 

nm+ j o 
Bnm+j ° x = E 1 

and for i = 1,...,k 

nn~J i 
Bnm+j i x 

E 1 x I . 

Cn+bl-Jl  

x£• • 

Cn+hk-Jl 

n+hl-J  1 n+hl-Jk 
x . . .  Cn+hl_J k x 

n+hk-J 1 n+hk-Jk 
x . . .  Cn+hk_J k x 

= 

n+hl-J I 
Cn+h1_j ] x 

n+hk-J l 
Cn+hk_J ~ x 

n+h]- j  o 
-Cn+hl_j ° x 

n+hk-j o 

- Cn+hk_J ° x 

I 

.th nm+Jo 
z column in B x 

nm+j o 

replaced by this colLmm 

"'" Cn+h1_Jk 

• "" Cn+hk_Jk 

n+hl-j k 
X 

n+hk-J k 
X 

is a nontrivial solution of ~II.2.1) because one of the kxk determinants is nontrivial. 
nm+j i 

If we choose the Bnm+~ i x = O (i=1,...,m-k) we have a nontrivial solution of the 

original homogeneous system (1.4.2). 

§ 3. COVARIANCE PROPERTIES 

Besides the properties mentioned in § 6. of chapter I, we can also prove the following 

theorems for multivariate Pad~ approximants. 

Theorem II.3. I. : 

a.x. 
1 1 

Let yi=1+biX1÷,.:%bpXp for i=I ..... p and let y = (Yl ..... Yp)" 
p. 

Let Rn, n for F(x) be given by ~(x) and let G(x) := F(y), R.(x) := P.(y), 

S.(x) := Q.(y), then Rn,n(X) for G(x) is given by 

[R.(x)(1 + b I x I + ... + bp xp) k] where k = max(aP., aQ~). 

[S.(x)(1 + bl xl + "'" + bp xp) k] 
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Proof :  
Because of  theorem 1 .5 .3 ,  t h e r e  e x i s t s  a p o s i t i v e  i n t e g e r  t o ,  

2 2 
n - aoQ , _< t o _< n - aoO ~ + rain (n - alp., n - a]O.) and 

a non-trivial syrm~tric to-linear bounded operator L t such that 
o 

( P , . L t o  , Q , .L to  ) s a t i s f i e s  ( I . 3 . 1 )  f o r  the  o p e r a t o r  F. 

Lt % ~1, " " ,  % ~ )  -~t (x) 
We write Lto (y) = o o t t 

(1 + b 1 x 1 + . . .  + b Xp) o (1 + b 1 x I . . . . .  bp Xp) o 

Let k = maxC~P., ~.). 

Then ~o(R..Tt . (l+blxl+ . . . .  bXp) k) _> ~o(P..ht ) > n 2 
o o 

0 o ( S , . L t  . ( ]+b lx ]+ . . .+bpXp)  k) > ~o(Q,.L t ) _> n 2 
o o 

and max[ o(R, .~ ' to .  ( l + b l x l + . . . + b p x p ) k ) ,  8(S,.L--to. ( ]+b lX l+ . . .+bpxp )k ) l  

2 
<n + n. _<k+ t o _ 

Also  ( l+b }X l+ . . .+bpXp)  k [ ( G . S . - R . ) . T  t ] ( x )  = 
o 

k+t 
=[ ( F . Q , - P , ) . L  t ] (y) .  ( l+b]x l+ . . .+bpXp)  o 

o 
k+t 

= o(yn2+2n+1). (1+blx1+...+bpXp) o 

= O(x n2+2n+]) 

Thus (R, S) = ( R , . L t o . ( l + b l x  1 . . . . .  bpXp) , S , . L t o . ( l + b l X l + . . . + b p x p ) k  ) 

satisfies (I.3.1) for the operator G. 

now show that the irreducible form of (~.R)(x) is We will 
] 

• [ R . ( x ) .  (1+blXl +. k] 
[ S, (x) .  ( l+ b lX l+ . . .+bpXp)~  . .+bpXp) . 

The f a c t o r s  (l+blXl+...+bpx~)k__ are  n e c e s s a r y  because  R,(x)  and 

S , (x )  a r e  r a t i o n a l  f unc t i ons  o f  the x i ,  no t  po lynomia l .  

Suppose R , ( x ) ( l + b l X l + . . . + b p x p ) k  = U(x).V(x) and 

S.(x) (l+blXl +. ..+bpXp) k = U(x).W(x) with 8U >_ 1. 

a l x  1 a2x 2 a x p 
Since . . . .  ... =~P P = I + Z b.x. we know that 

Yl Y2 Yp i=I z z 
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x i =~.x for i = 1,...,p. 
i'Yp P 

Consequently I + 
p p apy i apXp 
Z bix i = I + Xp b i .... = ........ 
i=l i~I aiYp Yp 

OrXp = 1 
p-1 apYi] 

ypa i -  

So we can write Z b. x. = ( Z b i - bp b i apY:i'} 
i=I l I i=] aiYp~ ( ~  i~1 ypai"  

a n d l +  
P / P Yi Yi 
Z b .x .  = 1 / ( 1 -  Z bi -77)  and x i = 
i=I i i i=1 i P Yi 

ai(1- z b i 77) 
i=I i 

Thus R, (x) = P, (y) and S, (x) = Q, (y) impl ies  t ha t  

b I ~ b  
P,(y)  = U(x) .V(x) . (1  - ~ - t  y 1 - . . .  _ < y p ) k  and 

b 1 
• -~ yp) and thus that Q,(y)  = U(x) .W(x) .  (1 - ~ T y  I - . .  p 

P.(y) = ~(y).~(y) and Q.(y) = U(y).W(y) with 

f -- b Yt b b 1 YP b ~1bl .-~yp)Tap U(y) = U( ...... . . . . .  .... ) . ( 1 - g - y 1 - . .  

al  (l-a-~]y , . . . . .  ~ y ~ )  ap( 1-gTY]- •. - - d Y e )  
I -p~" pe 

b 1 b . k - g  
7(y) = V(X 1 . . . . .  Xp) . (1 -aqy  j - . . . - ~ p y p )  

b, k ;  
~(y) = W(X I ..... Xp).(1-a~Yl-...-apypj (~ + 8W _< k) 

1 
This contradicts the fact that ~.I~ is irreducible. 

Remark also that if Q~ (0) = I then S~ (0) = I. 



65 

Theorem II.3.2.: 

I f  F(x) G (x) = ~ w i t h  G(x) = 

i 
where d. x = 

1 

- m . 

Z d . x  1 and H(x) = Z e . x  J where e 
i= o a j=o J o 

i ]  i 
Z d i l . .  x] . .  

il+...+i =i .i "Xp p 
p P 

x j = Z e .  x i l . . . x  j p  
e j  J l + ' " + J P  =j j 1 . . . j  p P 

then  f o r  F(x) i r r e d u c i b l e  we have R = F (x ) .  
n ~ m  

¢ o and 

Proof: 

For F(x) ~ O(x nm+n+m+l ) = H(x) we can w r i t e  (F.H-G)(x) = 

P~ 
I f  R , m  = - ~ - , ( x )  then t h e r e  e x i s t s  a m u l t i v a r i a t e  polynomial  

T(x) ¢ O such t h a t  (P , .T ,  Q,.T) s a t i s f i e s  ( I . 3 . 1 )  f o r  t he  r a t i o n a l  

f u n t i o n  F ( x ) ,  in  o t h e r  words such t h a t  

(F .Q , .T -P , .T )  (x) = o(xnm+n+m+l). Because o f  t he  e q u i v a l e n c e - p r o p e r t y  

o f  s o l u t i o n s  o f  the  Pad6-approximat ion  problem we can conclude  

t h a t  (Q, .T .G)(x)  = (P , .T .H) (x )  f o r  a l t  x in  1R p ,  and hence 

t h a t  (Q, .G)(x)  = (P , .H) (x)  f o r  a l l  x in  N p.  Usin~ the  unique 

f a c t o r i s a t i o n  o f  m u l t i v a r i a t e  po lynomia l s  we can i rmnediately w r i t e  

that P. = G and Q~ = H. 

This property will be referred to as the consistency property. 

§ 4. NEAR-TOEPLITZ STRUCTURE OF THE HOMOGENEOUS SYSTt~4 

4.1. Displacement rank 

For t h e  sake o f  s i m p l i c i t y  we r e s t r i c t  o u r s e l v e s  now to  t he  ca se  o f  two v a r i a b l e s .  

To examine t h e  s p e c i a l  s t r u c t u r e  o f  t h e  ma t r ix  o f  t h e  homogeneous sys tem,  which we 

s h a l l  deno te  by H, we i n t r o d u c e  t h e  f o l l o w i n g  n o t a t i o n s :  

nm+m xi  yj  
f o r  Q(x,y) = z b . .  we w r i t e  

i+j =rim Ij 
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B = 

nm 

brmbo 

brim-l,1 

bo,nm 

BNN+I = 

m 

bnm÷1 ,o 

bnm, I 

bo,nm+ 1 

• .- Bnm+m = 

. m 

bnm+m., o 

bnm+m- I, ] 

. 

bo, nm+m 

When we write down the equations equivalent with condition (I.3.]), the set of homo- 

geneous eauations in the unknown b. is 
ij 

if= 

with 

B 
nm 

Bnm+m 

Hn+1,nm 

Hn+2,nm 

=0 

Hn,nm+ I " " " Hn+ 1-m,nm+m 

H 
n,nm+m 

where H.. is a matrix with (i+j+1) rows and (j+1) colmans and the first column equal i,] 
to the transpose of (ci, ° ci_1, I ... Cl,i_ I Co, i o ... o) and the next columns equal 

to their previous coltmm but with all the elements shifted down one place and a zero 
(nm+n+m+2] nm+n+2 

added on top. The matrix H has N e , 2 J - ( 2 ) rows and one more col~ns 

than rows. To calculate the displacement rank a(H) of H, we have to construct the 

lower shifted difference 

H - H= 

-hl, I ... h1,Ne+ I 

 e,Ne+  j 

O... O 

hi,1 "'" h1,N e 

o hNe_1, I ..- hNe_1, N 

m 

hl, I ... h1,Ne+ I 

6H 

b~e,1 
Now a(H) = rank(6H) + 2 [31]. The concept of displacement rank serves as a measure of 

how close to toeplitz a given matrix is, since rank(6H) = o if ff is actually a toep- 

litz matrix. 
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Theorem I I , 4 , 1 . :  

Proof: 

The displacement rank of the matrix H is at most m+2, 

Let us write down the matrix H more explicitly: 

cn+1, 0 o ... o 

Co,n+ I o 

0 CN+I ,0 

0 . . . 0 CO,N+ 1 

C 0 ... 0 
n+m,o 

C 0 
o,n+m 

0 C 
N+m,o 

0 ... 0 C 
o,n+m 

C 
n , o  

C 
o ~ n  

o 

o . . .  o 

o . . .  o 

o 

C 
n , o  

C 
o , n  

Cn+1_m, O 0 ••• o 

Co,n+1_ m o 

0 Cn+1_m, 0 

0 . . .  0 C 
O , n + l - ~  

Then 8H has the following structure: 

5H = (~I ~2 "" ~m+1 )' where 

~I has (Ne-1) rows and nm colurms, 

~i has (Ne-1) rows and (nm+i) columns for i = 2,...,m+I 

and only the first column in ~ with i ~ 2 contains nonzero i 

elements; all the other elements in 8H equal zero• 

So rank (SH) ~_ m and this proves our theorem, 
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It is easy to see that in the multivariate case the coefficient matrix of the homo- 

geneous system is also a matrix with low displacement rank. Consequently algorithms 

can be used where the solution of the linear system in the Pad~-approximation problem 

is given in less operations than usual [ 19] , i.e. in 0(a(H)NZe ) operations instead of 

O(N~) operations. 

4.2.  N~enerical examples 

We will illustrate the preceding theorems with some simple examples. 

X Consider F(x,y) = I + ~ + sin(xy) 

a) The (1,1) APA is 1+10x-10. ly with 
1-10.1y 

H = 

0 0 10 0 0 

101 0 0 10 0 

0 101 0 0 t0 

0 0 0 0 0 

and  a(H)  = 3. 

b) The (4,2) APA is I ,+10x_1Oy+xy_1Oxy 2 

1-10y 

[ 58 49 H31o I 
H6,8 H5, 9 H4,10 

where HS, 8 = 105 (8i,j+4) a 14 x 9 matrix 

H4, 9 = 104 (8i,j+3) a 14 x 10 matrix 

with 

and a(H) = 4, 

H3,10 = 103 (8i,j+2) a 14 x 11 matrix 

H6, 8 = 106 (8i,j+5) - ~(8i,j+3) a 15 x 9 matrix 

HS, 9 = 105 (8i,j+4) a 15 x 10 matrix 

H4,10 = 104 (8i,j+3) a 15 x 11 matrix 

and 8i, j is the Kronecker symbol (here used in rectmngular matrices). 
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§ 5. Tb~E-TERM IDENTITIES 

5.1 .  Cross ratios 

A cross ratio is a ratio of the form 

( r l - r 2 ) ( r 3 - r 4 )  = R ( I I . S . l  
(r--~ - ) 3 )  ( r 2 - r  4) 

Each of  t h e  fou r  r i appea r s  in  t h e  numera to r  as we l l  as in  t h e  denoin ina tor .  

I f  we coinpute ( I I . 5 . 1 )  when t h e  r .  a r e  t h e  v a l u e s  of  f ou r  a d j a c e n t  e n t r i e s  in  t he  
1 

Pad6 t a b l e  f o r  a g i v e n  v a l u e  ~ = (~1,...,~), t h e n  we can use  t h e  two- ter in  i d e n t i t i e s  

( I . 7 . 1 ) - ( I . 7 . 4 )  to  s i m p l i f y  R. Cons ider  f o r  i n s t a n c e  t he  fou r  e n t r i e s  in  t h e  Pad6 

t a b l e  g i v e n  in  f i g u r e  I I . 5 . 1  

Then 

[ n,in] 

P[n+l,in] 
(~) = r 5 

P[n,in+l] (~)= r9 

Q[ n ,in+ 1] 

P[n+l , in+l]  (~) = r4 
Q[ n+ 1 ,ra+ 1 ] 

F i g u r e  I I . 5 . 1 .  

- n  ...... -n+ 2. 
R = Hn+1 (Cnx)'Hm+l~Cn+ZX ) 

. _ ~ - n + <  H -C 
I~[Cn+IX )" In+2 ( n+1 ) 

For the entries given in the figures If.S,2 and II.5.3 we find respectively 

- n+  1 -n+ 1 
R Hm(Cn÷IX ) "Hnv'l (Cn+ lX ) 

%1(c#n).%%F n÷2) 
and 

R = Hm+] (ch in )  "Hm+l (Cn+lT'dn+l) 

Hm (Cn+ 1~n+ I) .Hm+ 2 (Chin) 

( ~ )  = r 1 
P[n+l  ,in- 1] 

Q[ n+l ,m-1] 

P[ n+ 1,inl 
( ~ )  = r z 

F i g u r e  I I . 5 . 2 .  

~ (x-) = r 4 
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[n,ml 

5 n - I ' m + l ]  (x-) = r 1 
Q[ n-  1 ,m+]l 

~ ( ~ )  = r 2 

P[ n+1 ,In] (N) = 
r4 

Figure  I I . 5 . 3 .  

Many more c ross  r a t i o s  can be c a l c u l a t e d  by means o f  the  g iven  two-term i d e n t i t i e s ,  

but  we g i v e  these  examples because we s h a l l  use them now to  d e r i v e  some t h r e e - t e r n  

identities. 

2. Three-term identities 

The cross ratio (II.5.1) can be solved for one of the ri, say r4, interms of the other 

three r. and R. We get 
1 

_ r3(r2-rl) - R r2(r3-rl) 

r4 - (r2-rl) - R Cr3~r1~ 

If we use again figure II.5.1 we find 

X n+l ) Ci) .Hm+ 1 ~n+2) P[n+l,m+l] (X) = P [ n + ! ' r a l  (~)'Hm+2 (Cn+l - PIn,m+ll (Cn+2 
'" ~n+z) 

9n+1,m+1] 3n+I,~ (x-)'Hm+2 (C+I an+l) - ~n,m+1] (~)'Hm+1 (On+2 

So P[ n+1,m+]] (~)can be calculated by means of P[ n+1 ,m] ~)' ~n+1 ,In] ~)' P[ n,m+I] (~) 
q n+1 ,m+l] 

and 3 n,m+l] ~); we shall indicate this by 

/ 
For the  f i g u r e s  I I . 5 . 2  and I I . 5 . 3  we ge t  r e s p e c t i v e l y  

~ -- x and hX 

I 

X 

xl 
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§ 6. ACCELERATING T}~ CONVERGENCE OF A TABLE WITH MULTIPLE ENTRY 

6. ]. Table with doubZe entry 

The s-algorithm has frequently been used to accelerate the convergence of a sequence 

(Ti) i= ° in R [49], which can in fact be considered as a table with single entry: 

construct the univariate function 

i 
F(x) = ~ c . x  

where i= o 1 

- (r.=o for i < o) c i = T i T i_ ] 

and calculate the classical Pad6 approxJJnants for F. 

Since 

F ( 1 )  = l i ra  T .  

o n e  e v a l u a t e s  t h e s e  P a d ~  a p p r o x i m a n t s  a t  x = ] .  

Let us now first consider a table (Ti~)i,j= ° ~  with double entry. To accelerate the con- 

vergence of (Tij)i,j= ° to lim T.. we introduce 
i , j  .~,. :u 

• .Z cijxlyO F(x,y) 

I~3=O 
with 

c.. = T.. - _ - Ti_ I ÷ Ti_ ] (T..=o for i < o or j < o) I] i] Ti,]-] ,j ,j-] z] 

Clearly 

F ( ] , ] )  : l~ T . .  
i,j~ ~ tJ 

Using the generalization of the s-algorit]~n given in § 7. of chapter I, we can calcu- 

late multivariate Pad6 approximants for F(x,y) and evaluate them at (x,y) = (] ,]). 

If we denote by 

T g T - .  = T + Tn_ ] + + Tl,n_ ] + T 
n i+j= n z3 n,o ,I "'" o,n 

then the partial sums 
n 

Fn(],]) = Z c . .  = I - n=o,...,~ 
i+j=o zJ n In-1 

are the s(n) to start the s-algoritI~n with. 
O 

An application to accelerate the convergence in quadrature problems will be given at 

the end of this paragraph, but first we will generalize the idea for a table with 

multiple entry. 

6.2. Table with multipl~ entr~ 

Let us denote by (Ti]...ip) il,...,ip= ° 

We define 

a table with multiple entry. 
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with 

F ( x l , . . . , x  p) = . Z 
11 , . . . ,  i p  =o 

P 

= Ti I . ..i ci 1.,. ip P 

i i 
ci 1...ip x11'"xpP 

- jZ] T i l . . . ( i j _ 1 ) . . . i  p 

P 
+ Z 
j,k=1 Tit"" "ij- ] (ij- ])ij+1" " "ik- 1 (ik-l)ik+l" " "i~ 
j#k 

- ... + (-1) p T(i1_l)...(ip-l) 

It is easy to prove that 

F(1 . . . . .  1) = l i ra  T. 
- 1 1  . . .  ip 

i I ,..., ip+~ 

Again multivariate Pad6 approximants for F(Xl,...,Xp) can be calculated and evaluated 

at (x I .... ,x D) = (1 .... ,1) via the e-algorithm. 

Since 
P 
z (-I) j (~) Z cil.., ip j =o Tn-J 

i l + . . . + i  =n 
P 

where  

the ¢~n) 

T n = . Z T. 
11+...+i --n l]...i p P 

are now given by 
n 

F n ( l , . . . , ] )  = Z 
il+...+i =o 

P 

p-] 

ci] "''ip = j=oZ (-])J (P]]) Tn_j 

6 .3 .  A_p~lications 

Suppose one wants to calculate the integral of a function F(x], .... x ) on a bounded 

closed domain ~ of 19 p. Let ~ = [0,I] x ... x [O,l] c ]R p for the sa~e of simplicity. 

The table (Til...ip) il,...,ip= ° can be obtained for instance by subdividing the 

i. 
O,l] in the jth direction (j=l,...,p) into 2 ] intervals of equal length 

(ij=o,1 .... 7. 

interval [ 
1 h. = . ] i. 

2 ] 

Using the midpoint-rule one can then substitute approximations 

h] h h 2 h 
/o ""So p F<xl . . . .  ,Xp) a ~ t  .aXp = h lh r . . h  p F(~, -2 . . . .  ' - -~  

to calculate the T. 
Zl... ip" 

The column e~ n) (n=o,l,2,...) in the e-table given by 
(n) P-] 

eo = Z (-I) j (P 1) 
j=o ] Tn-j 
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was also used by Genz [22] to start the z-algorithm for the approximate calculation 

of multid~nensional integrals by means of extrapolation methods. He preferred this 

method to six other methods because of its simplicity and general use of fewer inte- 

grand evaluations [22]. But when he was using it he did regret that there was no link 

for the multidimensional problems with Pad6 approximants as there is in one dimension. 

Genz remarked that the construction and theory of the multivariate generalization of 

Pad6 approximants had only recently been developed by Chisholm and his staff, but that 

the Canterbury approximants were not particularly suitable for the problem of the 

extrapolation of sequences of approximations to multiple integrals. This paragraph has 

now put things together: the e(n) are the partial sums of the multivariate function 
o i i 

= ~ ci I. ip x11"''xpP F(x1""'Xp) il,...,ip= o "" 

(n-m) 
with the Cil...i p defined above, and the S2m are the (n,m) APA for that multivariate 

function, all evaluated in (xl,...,Xp) = (1,...,1). We will illustrate everything with 

some numerical results. 

us now take p=2, h1=2-i ~ h2=2-J. Then Let 

1 2 i 2 j 
• = F.2k-1 21-1~ 

Tij 2i+J ( Z Z ~2~, 
k=l l=1 2 j+V~ 

For the first example we are going to consider, we have 

F(x,y) = (x+y) 2 

I 1 7 
IO dO F(x,y) dx dy = ~ = 1.166666666666... 

T =1 
oo 

In table II.6.1 one can find some Tij and some values of the (n,m) APA in (x,y)=(1,1). 

For the calculation of the (n,m) APA we need %, j=o,...,n+m. It is easy to see that 

the convergence is indeed improved. 

17 
TIO = ]-~= 1.O625 

9 
T]I = -~ = 1.125 

73 
T2t ='6Z = 1.140625 

37 
T22 =-37 = 1.15625 

8 
(O,1) APA =-~= 1.142857142857... 

APA =4 = 1.166666666666... (1,1) 

7 
(2,1) APA =-6-= 1.166666666666... 

7 
(3,1) APA = - ~ =  1.166666666666... 

Table I I . 6 . 1 .  

W~at's more: substituting the explicit formula for the T.. in the calculation of c (n) 
l] o 

one can easily check, using the expressions 
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2i i 2 i 
k 2 2i-I (2i+I) (2i+I+i) 21-I (2i+I+i) = ~- a n d  ~ k = 

k= l  ~ k= l  

(n) 7 1 , l  . n  
t h a t  t ° = ~ - -~L~) f o r  n >_ o w h i c h  i m p l i e s  [ 9  p p .  451 t h a t  t h e  v a l u e  o f  t h e  

(n) 7 (n+1,1) APA = ~2 = ~ f o r  n _> o .  

As a second example we will approximate 

loll fOf ~ dx dy = 2£n2 = 1.386294361119891 

In table II.6.2 one can again find the Tij, slowly converging to the exact value of 

the integral because of the singularity of the integrand in (0,0). The function- 

values of the (n,m) APA converge much faster. 

T11 = 1.166666666667 

T21 = ].209102OO9102 

T22 = 1.269047619048 

T23 = 1.292977663088 

T33 = 1.3257437OO744 

T34 = 1.338426108120 

T44 = 1.355532404415 

TS4 = ].362055745711 

(I,1) APA = 1.330294906166 

(2,1) APA = 1.361763927710 

(2,2) APA = ].396395820203 

(2,3) APA = 1.386056820469 

(3,3) APA = 1.386872037696 

(3,4) APA = 1.386481238969 

(4,4) APA = 1.386308917778 

(5,4) APA = 1.386298323641 

Table II.6.2. 

§ 7. C~PARISON WI~ SOME OT~ TYPES OF ~fdLTIV~ARIATE PADE APPROX~I/~NTS 

!~,~e will restrict ourselves to the case of two variables because the generalization to 

more than two variables is straightforward. Many definitions exist that try to genera- 

lize the concept of Pad@ approximant to multivariate functions. However, the calcula- 

tion of each type of multivariate Pad@ approximant P,(x,y) /Q,(x,y) is based on: 

(F.Q-P)(x,y) = Z d. xl~ with d . = o for (i,j) ~ E c IN 2. 
i,j=o lj ij 

We call E the interpolationset; the choice of E, P(x,y) and Q(x,y) determines the type 

of approximant. 

If one wants the multivariate Pad~ approximant to satisfy the covariance properties 

1.6.1 and 1.6.2, E must satisfy the inclusion property, i.e. if (i,j) ~ E then 

(fo,i] x [o,j]) n ~2 c E. 

We shall now briefly repeat the definition of some types of approximants and compare 

them theoretically and ntnnerically with our abstract Pad@ approximants in the case 

X = ~ P  a n d  Y - -  ~ .  
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7. ] .  General order Pad&-type rational approximante introduced by Levin [34] 

We briefly repeat some notations and definitions given by Levin. 

Given a subset D of Z~ 2 we define: 

a) the complement D = Z2 \ D 

b) the (i,j)-translation of D as D = {(k,n) I (k+i,n+j) ( D} 

c) the non-negative part of D as I~D+ = D N ~2 

To any subset D such that D + is a finite set we associate polynomials 

Z bijxi ~ 
(i,j)ED + 

We call D the rank of the polynomials. 

Given the double power series 

F ( x , y )  = z c xly J 
i,j=o I] 

we will choose three subsets N, D and E of 77. 

to F(x,y) as follows 

P(x,y) = Z aij x i yJ (N from "numerator") 
( i ,  j) ~N + 

2 
and construct an [ N/D] E approximation 

Q(x,y) = z x i yJ (i,j) (D + bij (D from "denominator") 

(F.Q-P) (x,y) = (i,j)Z (E ~ dij x i yJ (E from "equations") (II.7.]) 

We select N, D and E such that 

a) D c ~2 has m elements, numbered (i],j]),...,(im,Jm) 

b) N c E and H = E \ N has m-] elements in ~2, numbered (h2,k2),. . . ,(hm,k m) 
(H from "homogeneous equations") 

Then P(x,y) and Q(x,y) defined by equations (II.7.1), are given by 

P (x,y) = 

i 2 " i " 
x 11 yJ] Ni]jl. (x,y) x yJ2 NI2J" "2 (x,y) ... x m yJm N1mJm. • (x,y) 

C . . 

Ch2-i],k2-J I Ch2-i2,k2-J 2 "'" h2-1m,k2-Jm 

Ch3-i ] ,k3-J ] Ch3-i2,k3-J 2 • .. Ch3_im,k3_Jm 

cp~-i], km-J I Chm-i2,km-J 2 "" Ch-im,km_Jm 

where N . (x,y) = Z c.. x i yJ (l = ],...,m) and 
llg I . . + Ig (1,g) (Nilj/ 
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Q(x ,y)  = 

ii Jl i2 J2 i yJm 
x y x y ... x m 

Ch2-il,k2-J I Ch2-i2,k2-J 2 "'' Ch2_im,k2-Jm 

Chm-i]  , k - j  1 C h - i 2 , k m - J  2 " ' "  C h m _ i m , k _ J m  

~Nen we make the following choices for the sets N, D and E: 

N = {(i,j) i,j ~ ~, ran ~ i+j ~ nm+n} 

D = {(i,j) i,j ~ N, nm 5 i+j 5 nm+m} 

E = {(i,j) i,j { ~, nm ~ i+j 5 nm+n+m} 

nm+n+m 

rgn 

we get precisely the (n,m) abstract Pad~ approximant; the set H = E \ N has one element 

less than the set D, as required. 

7.2. Canterbury approximants , Lutteredt a pproximants and Karl sso~TWallin ap2roximants 

We are going to compare abstract Pad~ approximants (AP~ for F(x,y) with Chisholm 

diagonal [ 13] approximants (CA), Hughes Jones off-diagonal [ 29,30] approximants (HJA), 

Lntterodt [37] approximants (LA), Lutterodt approximants of type B I [36] (LAB I) and 

Karlsson-Wallin [ 32] approximants (~gA). 

For the Canterbury approximants (i.e. CA and ~UA) we have 

n 1 n 2 
P ( x , y )  = Z Z a . .  x i yJ 

i=o j=o Ij 

m I m 2 
Q(x ,y )  = x z b . .  x i yJ 

i=o j=o ~) 
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E = ~(i~j) 

u ((i,j) 

u ((i,j) 

U ~ (i,j) 

o 5 i ~max(nl,ml), o 5 j 5 min(n2,m2) ) 

o 5 i 5 min(nl,ml), o 5 j 5 max(n2,m2)} 

max(n2,m2) < j 5 n2+m2, max(n2,m2) < i+j 5 n2+m 2, o 5 i 5 min(nl,ml) } 

max(nl,m I) < i ~ nl+m I, max(nl,m I) < i+j ~ n1+ml, o ~ j ~min(n2,m2)} 

n2+m 2 

n2+l 
n 2 

m 2 

E 

n I m I n1+m I 

d.. = o for (i,j) E E ij 

dn1+m1+1_/,/+ d/,n2+m2+1_/= o for I = I ..... min(nl,ral,n2,m2) 

For the Lutterodt approximants we have 

n I n 2 
P(x,y) = 2 Z x i yJ 

i=o j=o aij 

m I m 2 
Q(x,y) = E 2 b.. x i yJ 

i=o j=o 13 

2 
E D[0,n I] x[0,n 2] n N 

E satisfies the inclusion-property and contains exactly 

(ni+I) (n2+I) + (mi+I) (m2+I) - I elements 

n 2 

m 2 

+ (m1+1)(m2+1)-1 points 

n I m I 
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and for the Lutterodt approximants of type B I 

E = {(i,j) I o ~ i ~ nl, o ~ j ~ n 2} 

U {(i,j) I nl+l C i ~ nl+ml, n2+l ~ j ~ n2+m2} 

U {(i,o) I nl+l ~ i ~ n1+ml} 

U {(o,j) I n2+l ~ J c n2+m 2} 

n2+m 2 

n2+I 

n 2 

m 2 

I 
nl+1 

i • 

n 1 m 1 

I 
t 
I 
I 
t 
I 

n 1 +ml 

For the Karlsson-Wallin approximants we have 

n i yj 
P(x,y) = Z a.. x 

i+j=o 1] 

m xi yj QCx,y) = z b.. 
i+j=o 13 

E D {(i,j) I i+j ~n} 

E satisfies the inclusion-property and contains at least 

~(n+l) (n+2) + + (m+l) (m+2) - l elements 

E 

m+1)(m+2) - ] points 

n 

The following scheme summarizes the properties satisfied by each type of approximant. 
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We call an approximant symmetric if for F(x,y) = F(y,x) also ~(x,y) =~(y,x). 

In the last row but one, one can find the variable changes x and y for which, if 

~(x,y) is the desired approximant for F(x,y) then ~(x,y) is the one for FG~y). 

The FUA, hA and LAB ] are denoted by (nl,n2)/(m],m2); for the CA n]=n2=m1:m2:n. 

The KWA are denoted by n/m. We remark also that the APA can be calculated recursively 

by means of the a-algorithm and that they satisfy the consistency-property formulated 

in § 3. of this chapter, two properties which are for instance not satisfied by the 

Canterbury approximants, 

7.3.  Num_. erical exampless 

Let N be the number of unknovm coefficients in the numerator and denominator of the 
c 

approximant. For rational approximants I coefficient can always be determined by a 

normalization. We consider N -1 to be a measure for the operator-fitting ability of 
c 

the calculated rational approximant. 

For CA, FUA and IA: N c = (ni+I) (n2+1)+(m1+1) (m2+]). 

For KWA and normalized APA: N :[ (n+])(n+2)+(m+])(m+2)]/2. 
C 

a) Let us consider 

~ ~ ~ xe x - ye y = ~ I x i yj 
F : ~ R : ( ) x- y i,j= ° (i+j)! " 

In the Taylor series expansion of F we have a term in every power xay J. 

For ~qA we have used the diagonal enumeration of points in ~2, i.e. (o,o),(I,o),(o,I), 

( 2 , o ) , ( t , 1 ) , ( o , 2 )  . . . .  

We compare the function values in some points. We see that the APA is good as well for 

x > y as for x < y (on a not too large neighbourhood of the origin), while other appro- 

ximations, except CA(1,1)/(1,1), are not. The reason is simple: (1,1)/(1,O) fits the 

behaviour o£ F if x > y and (1,1)/(O,1) fits the behaviour of F if y > x. The success 

of the (1,1) APA and the CA(I,I)/(],I) partially lies in their conservation of the 

symmetry of F. 
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X 

Y 

xeX-ye y 
F(x,y) x-y 

LAB ] ( I ,  1 ] / ( I  ,0) 

L A B l ( 1 , 1 ) / ( 1 , 1 )  

(1,1)APA 

CA(1,1)/(I, I) 

mA(1,1)/(0,17 

KWA I/I 

I 
1+[x+y 

1 1 1+~(x+y)-~xy 
I I 1- [ (x+y) +~xy 

x+y+½(x2+3xy+y 2) 
1,2 2. 

x+y-~x +xy+y ) 

I I I+~ (x+y) %xy 

I I 1-~(x+y)+~xy 

1+x+~y 

1-~y 

1+~x+y 

O.O5 

0.25 

6 1 

8 1 

0 1 

8 1 

6 I 

6 1 

0,25 

O.O5 

308 

328 

344 

,344 

.343 

.308 

0.25 

O.45 

],800 

2,O32 

1,958 

1.936 

1.903 

].800 

0.65 ] 0.65 

0.45 [ 0.85 

3.7]8 

2,630 3.222 

2.109 4.153 

2.887 4.455 

2.742 3.819 

2.4]9 3.609 

2.630 3.222 

b) Now consider 

~: ~2 ~ : ~ ~ ~+VT~Tx+~= i +~+ ~ ~i~ k-1 ~~x+y~ k 
k=2 2 ~ k! 

where (2k-3)!1 = (2k-3).(2k-5)...5.3.1. 

We calculate some approximants. For the LA we also give the interpolationset E because 

the approximant depends on the chosen E. 

The border of the domain of F is nicely simulated by the poles of the (k,1) APA: 

2k+2 -2k-2 
y = - x - ~ with lim~ : -1 

k-~ 
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( t , t )  APA 

CA (1,1)1(1,1) 

IqJA (1,1)/(1,0) 

Iq.JA ( 1 , 1 ) / ( O , 1 )  

KNA 1/1 

LA (1,1)f(1,1) 

o r  

LA (1,1)/(1,0) 

LA (1,1)/(0, I) 

.> 

+ 0.75 (x+y) 
+ 0.25 (x+y) 

+ 0 . 7 5  (x+y)  - 0 . 1 . 8 75  x T 
+ 0 . 2 5  (x+y)  - 0 . 1 8 7 5  x y  

+ 0 . 7 5 x  + O . 5 y  - 0 . 1 2 5  ~ 
+ 0 . 2 5 x  

+ 0.5x + 0.75y - 0.125 xy 
+ 0.25y 

+ 0 . 7 5  (x+y) 
+ 0.25 (x+y) 

+ 0 . 7 5  (x+y)  - 0 . 1 8 7 5  x y  
+ 0 . 2 5  (x+y)  - 0 . 1 8 7 5  x y  

1 + 0 . 7 5 x  + 0 . 5 y  - 0 . 1 2 5  ~ 
T + O . 2 5 X  

1 + O . 5 x  + 0 . 7 5 y  - 0 . 1 2 5  x T 
1 + 0 . 2 5  y 

We also compare the function values in some points and see that the (1,1) APA and the 

~ I/I are much more accurate than the other types of approximants that have the same 

operator-fitting ability. 

F 

(1,1) APA, tOVA I/I 

C A ( 1 , 1 ) / ( 1 , 1 ) ,  L A ( 1 , 1 ) / ( 1 , 1 )  

~A(1,1)/(1,0), L,A(1,1)/U,O) 

F, J A ( 1 , 1 ) / ( 0 ,  t ) ,  L A ( 1 , 1 ) / ( 0 , 1 )  

( x , y ) =  ( 2 , - 1 )  

1.4142 

1. 4000 

1.3077 

I .  5OO0 

2 . 0 0 0 0  

( x , y )  = ( -o .  4 , - o .  5) 

0.3162 

0.4194 

0.3898 

0.4722 

0.4571 

(x,y)=(2,-z) 

1.0000 

1o0000 

1.0000 

1.3333 

2.0000 
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c) Let us take a look at 

x + sin (xy) F: ]R 2 * JR: (y) ~- 1 + 
O. 1---'~'T 

P 
We calculate some approximants b--(x,y), their operator-fitting ability and the exact 

order of (F.Q,-P,). 

If a Canterbury approximant is not uniquely determined we call it degenerate [ 30]. 

The interpolationset E prescribed for the calculation of IAB ] (1 ,O)/(I ,I), 

LAB I (1,2)/(0,2), IA]~ ] (2, I)/(O,2), LAB ] (2,2)/(],1) always supplied a system of linearly 

dependent equations. So we do not include these approximants here. 

Next to the type of the approximant one can find some small remarks. If several types 

provide the same rational fm~ction, they are grouped and then the multivariate Pad@ 

approximant is given after the small remarks. 

P 
sup [F(x,y) -T(x,y)]  

We have also calculated an estimate ~ of A which is a measure 
r 

sup tF(x,y) i 
A 

for the relative error made by approximating (sup IF(x,y) l = 10). ]#hen we compare 
p. A 

er f o r  t he  approximants  ~ - ( x , y )  t h a t  have the  same operatc,  r - f i t t i n g  a b i l i t y ,  we remark 

that we can arrange them as follows from better to worse. 

N c 

6 HJA(1 ,1 ) / (0 ,1 )  and LA(1 ,1 ) / (0 ,1 )  

(1,1)APA and kq'~A 1/1 

mA(1 ,1 ) / (1 ,0 )  

t-L~A(1,0)/(1,1) and I A ( 1 , 0 ) / ( 1 , 1 )  

HJA(1 ,0 ) / (1 ,1 )  

8-9 mA(1,2)/(O,2) and LA(1,Z)/(O,2) 
(2,1) APA, KWA 2/1, CA(1,1)/(1,1), t-UA(2,1)/(0,2) 

and LA(2,1)/(0,2) 

m~A I/2 

13-14 (3,1).@A, kT'A 3/1 ,  CA(2 ,2 ) / (1 ,1 )  and ] A ( 2 , 2 ) / ( 1 , 1 )  

(1,2) APA 

~r 

0.06 

0.09 

0.73 

0.81 

90. I 

0.9 * 10 -7 

0.06 

0.09 

0 .9  * 10 -7  

0.07 
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Remark the fact that the accuracy of Canterbury and Lutterodt approxL~nants depends 

mainly on the chosen type of approximant, i.e. on the degrees of x and y in numerator 

and denominator; one can obtain a very accurate or a very bad approximant with the 

same amount of work, because one cannot always tell from the first Taylor coefficients 

of F which degrees one should choose. And most of the times the only information one 

gets about the multivariate function are some Taylor coefficients. If the denominator 

of the Pad£ approximant equals ]-IOy, then the rational function has the same poles 

as the given multivariate function F and the only remaining terms in (F.Q,-P,) come 

from sin(xy). This explains the fact that E diminishes tremendously for certain types 
r 

of approximants (0.9 * ]0-7). 

7.4. RationaZ ap3zroxi.~tions of muZt, ipZe~er series i,ntroduced by Hillion [28] 

He also only considers double series because the extension to many variables is straight- 

forward. We briefly repeat his definition of rational approximations. 

Given the double series 

F(x,y) = ~ c..xly J 
i,j= O z] 

we h]troduce the polynomials 

tk 
-p 

~k,p (x,y) = g~o Ck-g'P+g 

Ck, k x k yk + 

xk-/ yp+/ P-] x k yl x 1 + Z (Ck, / + C/, k yk) 
/=o 

ifk>p 
k-] 

x k y l  x£ yk) i f  k < p 2 (Ck, / + C g , k  - 
t=o 

It is easy to see that for p fixed 

z ~k,p(X,y) = F(x,y) 
k=o 

The rational approximation [n/m]p(X,y) is now defined by the ~-algorithm 

(i,p) ; O i ° o,1,... ~_] 

i 
SO ~i'p)" = Z (x,y) i = O,1 ... 

k=o ~k,p 

] 
(i,p) (i+1,p) j = o,1 .... 

~j+] = ~j-1 + (i+],p) _ (i,p) i = o,1,... 
~j <j 

(n-m,p) 
[n/m]p (x,y) = S2m 

If we take p=o we obtain precisely the (n,m) APA. The applicability of the -algoritI~ 

for the calculation of the (n,m) APA was proved in § 7. of chapter I. 
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§ 8. BETA FUNCTION 

8 .1 .  Introduction 

The Beta function is an example which has also been studied by the Canterbury group 

[ 251 and by Levin [ 35]. We will compare our results with theirs. The Beta function 

may be defined by 
r (x) r (y) 

B(x ,y)  = r ( ~  

where F is the Garmna function. Singularities occur for x = -k and y = -k (k=o, I, 2,...) 

and zeros for y = - x -k (k=o, I, 2,...). 

We write 

B(x,y) = i(x-l,y~_l) 
xy  

w i t h  

A(u ,v )  = 1 + uv f(u,v) 

The c o e f f i c i e n t s  in  t h e  T a y l o r  s e r i e s  e x p a n s i o n  o f  f ( u , v )  have been c a l c u l a t e d  by t h e  
P 

f i r s t  method s u g g e s t e d  in  [ 251. We w i l l  c a l c u l a t e  some (n,m) APA ~ ( u , v )  f o r  f ( u , v )  

and compute 

+ (x -J )  (y- 1)~(x-1  , y - t )  

xy 

as  an a p p r o x i m a t i o n  f o r  B ( x , y ) .  Also  we w i l l  compare t h e  s i n g u l a r i t i e s  and z e r o s  o f  

[ 1 + ( x - l ) ( y - l ) ; ( x - ]  , y - 1 ) l / x y  w i t h  t h o s e  o f  B ( x , y ) .  The n u m e r i c a l  v a l u e s  o f  t h e  APA 

can e a s i l y  be c a l c u l a t e d  v i a  t h e  E - a l g o r i t h m ,  w h i l e  t h e  c o e f f i c i e n t s  in  n u m e r a t o r  and 

denominator can be calculated by solving a linear system whose matrix has low displa- 

cement-rank. 

Let us first take a look at the computational effort it takes for the calculation of 

a certain approximant. We denote by -Nf the number of coefficients in the Taylor series 

of f which we shall need for the computation of the approximant; N still denotes the u 
nunbe r  o f  unknown c o e f f i c i e n t s  in  t h e  homogeneous s y s t e m.  

For a HJA(n,n)/(m,m): 
N = (re+l) 2 

U 

Nf = (m+]) 2 + (n+]) 2 + 2 min(n ,m)  - 1 

For an (n,m) APA: 

f o r  rum > o:N = [ (nm+m÷l)(nm+m+2) - nm(nm+l) ] /2  
U 

f o r  i~m = o:N = (m+2)(m+1)/2 
U 

Nf = (n+m+l) (n+m+2)/2 
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The rational functions which Levin used for the approximation of the Beta function, 

were of the following type 

n 2 n 2 
nl  £ yi  i 

xj i=o ~ij nl i=o£ Pij x 
+ Z yJ 

j =o n2 j =o n2 
i i 

Z Pij y ~ qij x 
i=o i=o 

m m i yj 
Z Z x 
i=o j=o ~ij 

and we shall denote them by [ (n 1;n2)/m] r because for their computation: 

N u = (m+I)2 + (nz+])(n]+1) 

Nf 2(2n2+l) (n t+l  ) - (n t+] )z  + [max(o,m+r-nl) l  2 - 1 

( for  more d e t a i l s  see [ 35]) .  

Using the  prong-method [30] the  homogeneous system of  equat ions  fo r  the  c a l c u l a t i o n  

of  ttJA (n,n) / (re,m) can be so 1red in O[ m 2 (2m2+ 2m- ] ) ] opera t  ions.  

Exp lo i t i ng  the  f a c t  t h a t  the  ma t r ix  of  the  homogeneous system of  equa t ions  has  low 

d i sp lacement - rank  a(H), the  denominator of  the  (n,m) APA can be c a l c u l a t e d  in  

O(~(~0N~), so a t  most in  0 [ - ~  [(nm+n+m+2)(nm+n+m+l)-(nm+n+2)(nm+n+l)) 21 ope ra t i ons .  

But the  c a l c u l a t i o n  of  a func t ion  va lue  of the  (n,m) APA can v i a  the  e -a lgor i thm 

a l ready  be performed in O[ (n+m)2+m 2] ope ra t i ons  and we p r e f e r  t h i s  method to  the  solu-  

t i on  of  the  system. 

The s o l u t i o n  of the  homogeneous system fo r  the  c a l c u l a t i o n  of  [ (n 1 ;n2 ) /ml r  involves  

O[ (m+]) 6 + (n2+l)2(n1+l) l  ope ra t ions  because each system n~ the  q i j  has a Toep l i t z  

s t r u c t u r e .  

A f t e r  comparison of  the  Nf, N and the  computat ional  e f f o r t  we decided to  compare u 
(see a l so  [351) the  n ~ e r i c a l  va lues  of  

(8,4)APA wi th  [ (4 ;5 ) /2  ] 3 and HJA(7,7) / (3 ,3)  

(4,4)APA wi th  [ (3 ;3) /1  ]1 and CA(3,3) / (3 ,3)  

(8,3)APA with  [ (2 ;5 ) /2  ] 2 and HJA(7,7)/(2,2) 

We s h a l l  a l so  give the  t r a j e c t o r i e s  of  the  poles  and zeros of some Canterbury approxi-  

mants and some a b s t r a c t  Pad@ approximants (Levin d id  not  draw any f i g u r e s  i l l u s t r a t i n g  

the  s i t u a t i o n  of poles  and ze ros ) .  

I t  i s  easy to  see t h a t  the  APA can produce b e t t e r  r e s u l t s  than the  HJA and the  CA, 

e .g .  fo r  (x,y)=(-0.75,-0.75), and t h a t  they can a l so  produce b e t t e r  r e s u l t s  than the  

approximants Levin used, e .g .  fo r  (x ,y )= (0 .50 ,0 .50 ) .  They are  most accura te  f o r  

( u , v ) = ( x - l , y - 1 )  not  too f a r  from the  o r i g i n .  
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8.3. Figures 

The pattern of singularities and zeros of the Beta function B(x,y) itself is shown in 

figure II .8.1° 
Y 

"T5" 0 
4-0  

3-0 

20 

I0 
..o ~.o ~.o ..o ~.o ))\\\',, 

\ \ ' , , , ' , , , ' , , , ' , , ,  

b ,  \ \ " ~ \ \ \ \  

Fi~e II.8.1. 

The situation of ~les ~d zeros of ~(2,2)/(2,2) ~d ~A(7,7)/(2,2) is illustrated in 

the figures II.8.2 ~d II.8.3 respectively. The poles ~d zeros of (O,2)~A, (2,2)~A 

and (7,1)~A are dram in the figures II.8.4, II.8.Sa-b and II.8.6a-b respectively. 

In ~th cases we remark that the vertical, horizontal ~d diagonal lines are nicely 

s~ulat~. 

Y 

4 . 0  

'0 

Figure II.8.2. Figure II.8.3. 
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Figure II.8.4.: poles 
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CHAFFER III: THE SOLUTION OF NONLINEAR OPERATOR EQUATIONS 

§ 1. INTRODUCTION 

Several types of nonlinear operator equations 

F(x) = O 

w i l l  be c o n s i d e r e d .  I t e r a t i v e  methods  f o r  t h e  s o l u t i o n  o f  t h o s e  o p e r a t o r  e q u a t i o n s  a r e  

i n t r o d u c e d  and d i s c u s s e d  in  § 2. and § 3. S t a r t i n g  f rom an a p p r o x i m a t i o n  x f o r  a r o o t  
, o 

x o f  F, a sequence  o f  f u r t h e r  a p p r o x i m a t i o n s  {x i} i s  c o n s t r u c t e d  in  such  a way t h a t  

xi+ 1 i s  computed by means o f  x i .  The wel l -known New-ton- and C h e b y s h e v - i t e r a t i o n  

[ 41 pp.  205] a r e  s p e c i a l  c a s e s .  Among o t h e r s ,  an i n t e r e s t i n g  new i t e r a t i v e  p r o c e d u r e  

which  we s h a l l  c a l l  t h e  H a l l e y - i t e r a t i o n ,  i s  c o n s t r u c t e d .  

A f t e r w a r d s  s y s t e m s  o f  n o n l i n e a r  e q u a t i o n s ,  i n i t i a l  v a l u e  p rob l e ms ,  boundary  v a l u e  p r o -  

b l ems ,  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  and n o n l i n e a r  i n t e g r a l  e q u a t i o n s  a r e  r e s p e c t i v e l y  

t r e a t e d  in  t h e  p a r a g r a p h s  4, 5, 6, 7 and 8. We w i l l  remark  t h a t  in  t h e  ne igh b ou rho o d  

o f  s i n g u l a r i t i e s  i t e r a t i v e  p r o c e d u r e s  t h a t  a r e  d e r i v e d  from s o l u t i o n s  o f  t h e  Pad6 appro -  

x i m a t i o n  problem o f  o r d e r  (n,m) w i t h  m > o ( c f r .  H a l l e y ' s  method) a r e  more s u i t a b l e  

t h a n  t h o s e  where m = o. F i n a l l y  t h e  n u m e r i c a l  s t a b i l i t y  o f  t h e  H a l l e y - i t e r a t i o n  f o r  

t h e  s o l u t i o n  o f  a s y s t e m  o f  n o n l i n e a r  e q u a t i o n s  w i l l  be d i s c u s s e d  in  p a r a g r a p h  9. 

§ 2. INVERSE INTERPOLATION 

ConMder the nonlinear operator F: X ~ Y where again X is a Banach space and Y is a 

commutative Banach algebra. Suppose we want to find x* in X such that 

F(x*) = o 

Let  F be a b s t r a c t  a n a l y t i c  in  a n e i g h b o u r h o o d  U o f  x* and l e t  x* be a s imp le  r o o t  o f  F, 

in  o t h e r  words l e t  F'  (x*) -1 e x i s t  and be a bounded l i n e a r  o p e r a t o r .  Then t h e r e  i s  a 

n e i g h b o u r h o o d  V o f  0 s uc h  t h a t  t h e  i n v e r s e  o p e r a t o r  G: V c Y -~ U c X e x i s t s  and i s  

a b s t r a c t  a n a l y t i c  in  V [ 6 pp. 299-301] . 

By means of solutions of the Pad6 approximation problem for the inverse operator G 

(X must be a commutative Banach algebra then), we can construct iterative methods to 

find x* (inverse interpolation). 

By F'. and F" we mean respectively the first and second Fr6chet-derivative of F at x.. 
i 1 1 

Let F i = F(xi) = Yi and G(Yi) = x i. We know that G(O) = x* and that G is analytic in 

a neighbourhood of O; so we can write [ 41 pp. 205] 

G(y) = G(Yi) + Fi-1(y-y]) - ½F~ -I(F' i F~ -1)(y-yi )2 + ,.. (111.2.1) 

where _(F'-'i F~ "-I) (Y-Yi)2 is the bilinear operator F'.'i evaluated in (F~ -I (y-yi) ,F.~ -I (y-yi)). 

If we calculate a solution (Pi,Qi) of the Pad6 approximation problem of order (n,m) 

for G in Yi' we could iterate 



gs 

xi+1 = (~i'Pi)(O) °r (~,i'P,i)(O) 

where I_/_ p is a reduced rational form of I .p. 
Q-i" *i Qi ~" 

Observe that the well-known Newton-iteration results from approximating the series 

(III.2.1) by its first two terms, i.e. a solution of the Pad@ approximation problem of 

order (1,O) for G: 

xi+11 = x i + a i where a i = -F!-]F'I i (III.2.2) 

The (O, I) Pad@ approximation problem gives the following iterative method: 

xi+ I = x~/(x i - a i) (III.2.3) 

where the multiplication and division are those in the con~autative Banach algebra X. 

The first three terms in (III.2.]), which form in fact a solution of the (2,0) Pad@ 

approximation problem, could also be used to approximate x*, giving the next iteration: 

IF'- IF"a2 (Ill. 2.4) 
xi+1 = xi + ai - ~ i i i 

The iteration (III.2.4) is known as Chebyshev's method for the solution of operator 

equations. 

Another way to approximate x* is to use a solution of the (1,1) Pad@ approximation 

problem for the series in (III.2. I) : 

2 
ai (III.2.5) 

xi+1 = xi + .... + i~,-I~,, 

a i 7~i eiai 
which is a generalization of a formula of Frame [ 18] and a rediscovery of the Halley- 

correction, now for operator equations. 

If F!-IF'.'a 2 = a..La, for a bounded linear operator L, then (III.2.5) reduces to: 
1 1 1 1 1 

a. 
1 

xi+ I = x i + 
~La i I +  

where I is now the unit for the multiplication in the Banach algebra X. If X = ~ = Y 

this reduction can always be performed and (III. 2.5) then results in the classical 

Halley-iteration. The iterative procedure (III.2.5) is closely related to the method of 

tangent hyperbolas [ 39 pp. 188] : 

xi+ I = x i {FI + I~,, .-I 
- ~iai ~ F i 

which can also be written as 
1~,-1~,, ~-I 

xi+1 = xi + {Ix + ~i ~iai ~ ai 
where Ix: X -~ X: x ~ x is the identity.1 This second formulation shows the interrelation 

with (III.2.5): the operator {I x + - . ~F'-IF"ai} is evaluated in ai, the vector 
a i 

is mul- 

tiplied by a. and those two vectors are divided in order to avoid the inversion of 
IF,-1_, I, . 

{ Ix + 2 i ~iai ~. This technique is similar to a method introduced by Altman to avoid 

the inversion of matrices in a procedure to solve a system of nonlinear equations. 

One of the main drawbacks to the use of (n,m) Pad~ approximants is the computational 

cost of evaluating higher derivatives of F. However, in some cases these derivatives 

can be computed quite easily, e.g. if F satisfies a certain differential equation (so 
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that the derivatives can be computed from this equation rather than from F itself) or 

if F is a composition of polynomial, trigonometric or exponential functions. 

Let us now suppose that the iterative procedure chosen for the calculation of a simple 

* . x*ll root x of F is convergent, i,e, lim x. = x or equivalently lim ]Ix i - = o. 
i~- i i-~ 

Definition III.2.].: 

~kn iterative procedure which calculates xi+ I by means of x i 

is of order p if for all i, there exist integers p] > o and 

P2 > o and there exist multilinear operators 

Pl x p E ( L(X , Y) and E ( L( 2, Y) with 
P] P2 

(x-xj) p] J 0 such that %1 
[ Epl (x*'xi)P]] " (x*-xi+1) = Ep2 (x*-xi)p2 and p : P2-P]. 

In classical definitions of order of an iterative process, Zhe factor E (x*-xi)p] 

on the left }rand side is missing. P] 

Its presence here is due to aoP i and aoQ i or <~oP, i and 8oO, i in the abstract Pad6 appro- 

ximation problem; this will be made clearer in the next theorem. Nevertheless this 

definition is an extension of the well-known definition [38 pp. 148] because for p]=o 

and E regular in X we can prove that there exist J. in ]R + such that 
1 o 

o [Ix, _ xi+II[ _< jiiix. _ xii1P 

- I 
We w111 now use the notation ~-.P . for a representant of the rational operators that 

. O.i *l 
can be formed wxth the elements (Pi,Qi) and (P.i,Q.i) of the (n,m) abstract Pad6 appro- 

ximant for G in Yi' which is an equivalence class. 

Theorem III.2.].: 

The order of the iterative procedure xi+ I = (~i.P,i)(0) is at least 

nm+n+m+l-aoQ i if D(T t ) / ~ where T is such that Pi = P*i "T' Qi : Q*i "T 
o 

and t = a T. 
o o 

Proof: 

Because of theorem 1.5.4 we can wTite 

nm+n+m+ ] -t 
(G.Q,i _ ~i )(y) = O((Y_yi) o) 

~0~ i 
where Ok i (y) = Z Bj (y-yi)j 

j-- aoQ, i 
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(~, 1 .P . i )  (o) : For y = O we have, since G(O) = x* and xi+ I = q*i 

Q,i(O) . (x*-x i+ 1) = (G.O~i-P,i) (O). 

Let P2 = 8o(G 'Q* i -P i  ) -> nm+n+m+l-to and Pl = ao Q,i" 

Since x is a sir~le root, G is sufficiently differentiable in 

a neighbourhood of O containing the line segment joining the 

points O and Yi and so via Taylor's theorem [ 41 pp. 124] 

1 (l-e) p2-1 (P2) P2 
(G.O~i-P.i) (O) = fO (P2-1] ! (G'O~i-P*i) ((1-@)Yi) (-Yi) 

= Dp2 (-Yi)p2 

] (]_e) p<] (pl) 
Q*i (O) = I0  (Pi-I)! Q*i 

Pl 
( ( l - o ) y i ) ( - y i )  at 

= Dp] ( -y i )?1 

for certain multilinear operators 

D ~Ld pl,x) andD ~L(~ z ,x )  
Pl P2 

Now -Yi = F(x*) - F(xi) 

= { f ;  ~ ' (0x* + ( l -e )  xi) de} (x* - x i)  

= L ( x *  - x i )  

with L a linear operator and thus 

dt 

[Ep] (x* - xi )p]],(x* - xi+1) = Ep2 (x* - xi )p2 

with Ep] (x* - xi ]p] = Dp] (L(x* - xi)) p] and 

Ep2 (x* - xi )p2 = Dp2 (h(x* - xi)) p2" 

If we write p = P2 - Pl then p > nm+n+m+1-to-aoQ, i = nm+n+m+1-8oQ i 

because 8oQ, i+to = 8oQ i. 



98 

Using theorem III.2. I we see that 

Newton's method has order 2 

iteration (III.2.3) has order 2 

Chebyshev's method has order 3 

Halley's method has order 3 

According to definition III.2. I the method of tangent hyperbolas is also of order 3. 

§ 3. DIRECT INTERPOLATION 

Since F is analytic in a neighbourhood of x containing the approx~mants xi, we can 

approximate F by J--.P. or 1-- P where (Pi,Qi) is a solution of the Pad6 approximation 
Qi i Q,i" *i 

~roblem of order (n,m) for F in x i, We then calculate xi+ I such that Pi(xi+1) = O or 

P,i(xi+1) = O and iterate (direct interpolation). 

Let us again take a look at the iterative procedures we obtain if n+m E 2 and n > o. 

First of all we write down the Taylor series expansion 

F(x) = F(x i) + F.~(x-xi) + !F"(~:-xi)Z ( I I I , 3 . U  2 i + "'" 
The use of the (1,O) Pad6 approximation F, roblem gives 

F i + F~(xi+ I - x i) = O 

or equivalently 

xi+ l = x. - F!-IF. 
1 1 1 

which is precisely Newton's method. 

When we use a solution of the (2,0) Pad6 approximation problem we obtain 

+ F! I ~.,, r _xi)2 F i z(xi+]-xi) + -~ilxi+l = O 
so that we have to solve a quadratic operator equation. As indicated in [ 42] , solving 

such an equation is a quite complicated matter; moreover, the choice of xi+ ] among 

distinct solutions of the quadratic equation is also a problem. 

However, an approximate solution xi+] can be obtained in the following way [ 16]. 

The root of the quadratic equation satisfies 

= xi F'-lFii I..,-1~,,~ .2 xi+ ] - - ~ .  ~ I X . . - x _ )  
i i i+i i 

If in the righthand side xi+1-x i is approximated by the Newton-correction ai, we have 

an approximation for x. ~ which is precisely a Chebyshev-iterationstep 
I+! 

-- x .  + a .  -1F'-]F':a.2 
Xi+] = 1 1 Z 1 I i 

Another way to express xi+ I is 
I ,, -1 

xi+ ] = x i - {F~ + jFi(xi+]-xi)} F i 

If again in the righthand side xi+]-x i is approximated by a i [ 15] we get 

xi+1 F i 
which is the method of tangent hyperbolas. 

A solution of the (],1) Pad6 approximation problem for F in x. is 
1 

(Pi'Qi) = (FiFi(x-xi) ÷[ F[ (x-xi) ] 2 _ %FiF, ~ (x_xi) 2 , Fi (x-x i) qF'~ (x-xi) 2) 
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where the multiplication is now the one defined in the Banacb algebra Y. 

If xi+ I is such that Pi(xi+l) = O, we have to solve 

2 
1 Fi" F~ (Xi+l-Xi) 

F i + F ~ ( x i + l - x  i )  = ~ y i [ x i + l _ x  i )  ..... 

I f  we approx imate  i n  t he  r i g h t h a n d  s i d e  x i + l - x  i by a i we g e t  t he  approx imate  s o l u t i o n  

- I ,-I~,, 2 
xi+ ] = x i + a i - ~F i bia i 

which is again Chebyshev's method. 

(x_xi)2 I If F~(x-xi )2 = (F~ ~ L) for a certain linear operator L, then --.P. can be 
Qi i 

reduced to 
I 

( ~ i  F i  + F i ( x - x i )  - ~ F i  ~ h ( x - x i )  

. s . i  ) ( x )  : I ~L(x -x i )7  

Remark again that for X = ~ ~ Y this reduction can always be performed, If xi+ I is 

such that P,i(xi+]) = O, then 

2F 
xi+1 = xi - {F'i - 2 i ~ L}-I Fi 

where now (F[ - ~F FI l~,, 2 i ~ L) = F!I + (F~ai)  e L = 1 + ~ i a i  . So we have a g a i n  the  method 
of  t a n g e n t  h y p e r b o l a s .  

We must  conc lude  t h a t  t h e  methods d e r i v e d  by d i r e c t  i n t e r p o l a t i o n  a re  e i t h e r  too  compl i -  

c a t e d  (when we c a l c u l a t e  t h e  exac t  s o l u t i o n  Xi+l )  or  s i m i l a r  to  methods o f  § 2. (when 

we calculate an approximate solution ~i+]). This justifies the fact that we will only 

use iterative procedures from § 2. for the solution of the different nonlinear operator 

equations. 

§ 4, SYSTt~IS OF NONLINEAR EQUATIONS 

If we want to solve a system of p nonlinear equations in p real variables 

F(x)  ~ = o 

(x 1 , . ,  X p ) /  

then X = ~P = Y and the multiplication in X and Y is performed cOmponent-wise with 

I=(I~...,I) in NP. The successive approximations x i in an iterative procedure are 

vectors in ~P. The operator Ft is represented by the Jacobian matrix 
1 

Ix !, . , 
ox 1 OXp x = x i 

F' = 1 
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and the operator F" by the hypermatrix 
1 

( ~ 2f__2 (~ _) azfl (x) 

FT~ • 

~ zfp(x) ~zfp(x) 

a 2 f l ( x )  a2 f l ( x )  
. . ,  

ax2ax 1 ax2ax p 

with-- 
zfz(x) ozf l(x) 
ax jax  k axkax j 

for j, k, g = I, ..., p. 

Jq (x) ~2f I (x___! \ 

J ~2fp(x) ~zfp(x) / 
X .  

1 

Let us compare the nunerical effort per iterationstep for the different iterative pro- 

cedures. 

Iteration (III.2.3) and Newton's method both solve one system of linear equations 

F! a .  = -F .  
1 1 1 

and combine x i anda  i to  fgnd xi+ 1. 
Chebyshev ' s  method, H a l l e y ' s  method and the method of  t angent  hyperbo las  each so lve  

two systems of  l i n e a r  equa t ions  

Chebyshev: [ F!I ai = - Fi 

F!I bi  = F"i a~ 
1 

xi+ l  = x i  ÷ a i  - T b i  

Halley F! a i = - F i 1 

F!I b i  = F'.'I a~ 

2 
a, 
1 

x-+l 1 = x- + ±b 1 a i + 2  i 

Tangent hyperbolas: F! a i = - F i 1 

(FI + ½ F'.'I a i )  b i  = - Fi 

xi+ I = x i + b i 

However, for the first two methods these systems have the same coefficient matrix F' 
i 

so that the elimination part of the Gauss-method has only to be performed once, while 

the third method requires the solution of linear systems with matrices F!i and ~i+~iai 

so that the entire Gauss-method has to be performed twice. If we use the ~-algorithra 

for the calculation of the next iterationstep in Halley's method, we also have to 

solve two linear systems of equations: 
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~o)  = xi 

~ o) - I 
s = a i 

e~1) --- Xi + a i s~ O) xi + a i [a-~1+2bil] -I = _ = xi+ I 

s(2) = xi * a i - ~b i 

s{ 1) = - 2 b i  I 

x = 

The inverse operator 

Let us now compare the nt~nerical results for the solution of a system of nonlinear 

equations where the inverse operator G has singularities in the neighbourhood of O. 

Consider 

F : IR2 ~ 1R2 : ( y ) ~ ' (  expeXp(-x+y)-O'l)(-x-y)-O.l 

which has a simple root 

(O.1))  = (2.302585092994046) 

0 \ O. / 

_ gn(u+O. 1)+gn(v+0.1 

2 

G : ~2 ~ ~2: (~) + £n(u+O.1)-An(v+0.1 

2 

has singularities for u=-O.] oi" v=-O.]. 

) 
In table III.4.J one finds the consecutive iterationsteps of Newton's method m~d itera- 

tion (III.2.3) both of order 2 with x - (5.3,0.3) as initial point. After 13 iteration- 
o 

steps method (III.2.3) converges (Ilx13 - x12]] ~ 10 -5) while Newton's method needs 28 

iterationsteps to obtain the same accuracy. 

In table II.4.2 one finds the results obtained by Halley's method and the method of 

tangent hyperbolas both of order 3 with x = (4.3,2.0) as initial point. If Chebyshev's 
o 

method is used, starting from the same initial point Xo, then the sequence of iterands 

diverges. 

Clearly methods derived from rational approximations, like Halley's method and iteration 

(III.2.3), behave better in this case than methods derived from polynomial approxgna- 

tions, like Chebyshev's and Newton's method. The choice of the initial point also plays 

an :important role: if it is close to the singularity, linear methods get into trouble, 

and if it is not, linear and rational methods can behave equally well. 
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' ' i ' 

0 
I 
2 
3 
4 
S 
6 

Newton 7 
8 
9 

10 
11 
12 
13 

0 
1 
2 
3 
4 
5 
6 

( I I I . 2 . 3 )  7 
8 
9 

I0 
11 
12 
13 

X- 
1 

0.53000000 (+01) 
-0.14641978 (+02) 
-0.13641986 (+02) 
-0.12642005 (+02] 
-0.11642059 (+02) 
-0.10542204 (+02) 
-0.96425985 (+01) 
-0.86436705 (+01) 
-0.76463781 (+01) 
-0.56544360 (+01) 
-0.56754628 (+01) 
-0.47302660 (+01) 
-0.38637718 (+01) 
-0.31416378 (+01) 

0.30000000 
-0.58006624 
-0.58006552 
-0. 58006355 
-0.58005821 
-0.58004369 
-0.58000422 
-0.57989703 
-0.57960627 
-0.57882050 
-0,57671785 
-0.57123764 
-0.55788736 
-0.53010155 

(+o0) 
(+oi) 
(+01) 
(+01) 
(+01) 
(+01) 
(+01) 
(+oi) 
(+oi) 
(+oi) 
(+01) 
(+01) 
(+01) 
(+01) 

0.53000000 (+01) 
0.11128288 (+01) 
0.29686569 (+01) 
0.22508673 (+01) 
0.23024184 (+01) 
0.23025834 (+01) 
0.23025847 (+01) 
0.23025850 (+01) 
0.23025851 (+01) 
0.23025851 (+01) 
0.23025851 (+01) 
0.23025851 (+01) 
0.23025851 (+01) 
0.23025851 (+01) 

0 • ~ : ~ 0 0 0 0 0 0 .  

0.14061045 
0.10780485 
0.36586016 
0.18765919 
0.93837391 
0.46918733 
0.23459371 
0.I1729686 
0.58648482 
0.29324216 
0.14662108 
0.73310541 
0.36655270 

(+00) 
(-01) 
(-O1) 
(-o2) 
(-02) 
(-03) 
(-03) 
(-o3) 
(-o3) 
(-04) 
(-04) 
(-o4) 
(-os) 
(-05) 

Halley 

Table III.4.1. 

i X -  
1 

.43ooooooo0c~oooo (oi) . 2 ~  (oi) 

.3336155282457216 (oi) .io35972419924183 (oi) 

.256o818oo9367738 (oi) .2596797949731372 (oo) 
,2308175634684460 (oi) .5683785304496196 (-02) 
.23o2585151186738 (oi) .6120489087942105 (-07) 
• 23o2585o92994o46 (oi) -.3759322471455472 (-17) 

Tangent 
Hyperbolas 

.43(XKXXX)CK)(X)(XK~ (01) 

.3337356399057231 (O1) 

.2561541506081360 (01) 

.2308222334500647 (01) 

.2302585152707625 (01) 

.2302585092994046 (O1) 

. 2 ~ O O O O  @1) 

.lO347713o75o28o2 (Ol) 

.258956413o873139 (oo) 

.5637241306601315 (-02) 
• 5971357897526734 (-07) 
.1443269364993953 (-16) 

Table III.4.2. 
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The successive approximations x. in an iterative procedure will now be real-valued 
i 

functions. Let X = C'([O,T]) and Y = C([O,T]) denote the set of all real-valued func- 

tions that are respectively continuously differentiable and continuous on the real 

interval [ o,r]. 

Consider the equation 

d x _ f(t,x) = O 
dt ( I I I . 5 . ] )  
x(O) = c 

for t E [O,T],  

We could restrict ourselves to the set Cc([O,T]) = {x E C'([O,T]) I x(O) = c} and try 

to find a zero x* (t) of the following operator 

dx 
F: Cc([O,T]) c X-~ C([O,T]): x ~ -  f(t,x) 

starting from an initial approximation Xo(t) that satisfies xo(O ) = c, and computing 

corrections (xi+1-xi)(t) that satisfy (xi+1-xi)(0) = O. 

We calculate the necessary derivatives: 

F'(Xo) : C'([O,T]) ~ C([O,I]) : x ~ (~ af(t,x) ) x 
8x IX=Xo(t ) 

F .... C' C' a2f(t'x) .x 2 
tx o) : (tO,T]) ~ ( [O,r l ) -~  C(IO,rl) : ( x , x ) ~  ax--y--t x = Xo(t) 

For the calculation of the Newton-correction ao(t ) we have to solve the linear problem 

F' (Xo) a ° = -F (Xo) (I I I. S. 2) 

and iterate 

x](t) = Xo(t ) + ao(t ) = Xo(t ) - F'(Xo)-]F(Xo) 

One can prove that the solution of (III.5.2) is [41 pp. 170] 

a o (t) = -fO eA°(s) - A o(t) 
where F(Xo) (s) ds 

t a f ( s , x ( s ) )  
= ds 

%(t) -s o ax I X=Xo(S) 

The whole procedure can be repeated to calculate the next iterationsteps. 

For the Chebyshev- or Halley-iteration one has to solve two linear problems: 

F'(x o) a o ~ - F(Xo) 

F ( x  o) b o=F'(x o) a~ 
and iterate respectively 

(III. S. 3) 
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2b x l ( t )  = X o ( t  ) + a o ( t  ) - 2 o ( t )  

or ao2 (t) 
x l ( t )  = X o ( t )  + 

a o ( t )  + ~ b o ( t  ) 
We now tu~Tn to some examples. 

Consider the nonlinear initial value problem 

dx (1+>: 2) = 0 
d t  

x ( O )  = o 

for t ~ [O,T]. 

We will calculate x I (t) starting from Xo(t ) = t for the Newton-, Chebyshev- and Halley- 

iteration. Observe that: 
2 A ( t ) = - t  

O 

F" (x  o) x 2 = -2x  2 

-F (x o) = t 2 

t a ° (t) = fO et2-s2 s2ds = ~  + 2t5 4t7 
- i - g  + -Tb-g + 

8t 9 16t 11 
- ~ - ~  + T 6 E ~  + . . .  

(term by term integration) 

t 2et2-S2[ao(S) ] 2 t 7 38t 9 992t 11 
b ° (t) = -fO ds = (-2) ~ + 2--~-~ + 155925 .... ) 

The next iterationsteps are: 

1 3 2 5 4 7 8 9 (Newton) 
x 1 ( t )  = t + - ~ t  + T s t  + T0%t + ])-4-st + . , .  

1 3 2 5 17 7 62 9 16 11 
x 1 ( t )  = t + ~ t  + T~t  + ~ t  + ~ ] ~ t  +2--o-~t  + . . .  (Chebyshev) 

x 1 ( t )  = t + 1 t 3  + 2 t 5  + t 7 . 7  62 9 91369.1t  ~ + 2 - - ~ t  8 1 8 ~ 6 ~  + . . ,  ( H a l l e y )  

For T <2 the exact solution is 

* 1 3 ~ + 17.7 62 9 
x (t) = tg t = t +-~t + t 5 2~ t ~T[~ + 

4146 11 
+ ..--rr-~-~---t + .o. 

467 / /b  

Initial value problems correspond to Volterra integral equations. So equation (III.5. I) 

can be transformed into the following nonlinear integral equation: 

t f(s,x(s)) ds F ( x )  = x ( t )  - c -  I 0 

Now F' (Xo) I x V ° and F'(x o) x 2 t ~2f (s,x (s)) x2(s) ds 
. . . .  / 0  " ax2 ] x = Xo(S) 

where Ix: x x is the identity operator and VoX .taf = ~ 0 - ~ -  ( s , x ( s ) )  Ix = Xo(S) x(s )ds .  
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So F'(Xo )-I = Z Vno if llVol I < 1. If we rewrite F'(Xo)-Ix = (I x + Z V~) x = 
n=o n=l 

x + V ° (F'(Xo)-]X) the equations (IIl. S.2) and (III.5.3) can be solved iteratively: 

a ( ° )  (t) = 0 
0 

a ( j )  ( t )  = 
0 

b (°)(t) = 0 
0 

-FCXo)(t) + ~o ao(J-1)(t) 
t f(S,Xo(S))ds taf -Xo(t) + c + fo + Io ~x s'x(s)) I x = Xo(S) aoCJ-U(s) ds 

bo(J)(t ) = F,'(Xo) a2(t) - b(j-1) + Vo o (O 

= _f~ a2f (s,x(s)) 2 
2 a (s)ds + t @f ix=xo(s)b~J-1) 

~x I X=XoCS) o f07T (s,x(s)) (s)ds 

where a ° (t) is the last approximation a (j) (t) for the Newton-correction. 
O 

For our example where f(t,x) = ] + x 2 and c=O, we get the iterationsteps: 

13 25 47 89 
x I (t) = t +-~t + T~t + T~t + -9-~t + .., (Newton) 

L 2 5 17 7 62 9 16 11 
x I (t) = t ÷~t 3 + T~t +-~t + 2~t + 2-~t + ... (Chebyshev) 

2 5 17_7 + 62.9 _ 91369_11 (Halley) 
x I (t) = t +It 3 + ]~t + ~-~ ~-~ 81860625~ + ... 

Let us now tu~l to an exar~ple where the method of Halley, which is newly introduced 

here in (III.2.S), proves to be much better than the methods resulting from the Pad~ 

approximation problem of order (n,o) for G. Consider the equation 

e x(t) ~ - (O.I + e) = O 
dt 

x(1) =.tne 

for t ( [ ],T] with ~ a small nonzero positive number and T large. We are looking for 

a zero x (t) of the nonlinear operator 

x dx 
F: x + e ~-{ - (O.I + ~) = y 

The inverse operator 

t (O. 1 + y) ds) = x G: y ÷£n (~t + 11 

comes nearby a singularity for y = -O. 1, thus in the neighbourhood of y = O. 

The exact solution is x*(t) = ~ (~t + O.1 (t-])). Let us take our initial approximation 

Xo(t) = £n Et. The derivatives at x ° are 
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x ° (t) 
F'  (x o) x = e 

x 2 F" (Xo) = eXo ( t )  

dx dx 
(x ~ @  + 

dx 
"°dx + x ~ )  

For Xo( t  ) = gn Et:  

F'(x o) x = +t + T x )  

x 2 2dx 1 F " ( x  o) = ~ t . x .  ( F~ + T x) 

For t h e  N e w t o n - c o r r e c t i o n  we have to  s o l v e  the  l i n e a r  e q u a t i o n  

da 
o 1 0. I 

d t  + Tao ( t )  = 

The solution is constructed in the same way as for (III.5.2): 

t eAo(S)-Ao (t) O. 1 ds 
a o ( t )  = f l  .... ~s 

where 

t 1 
Ao(t) = fl sdS = grit 

So 
0.1 

a o ( t  ) =--~-~ ( t - l )  

For the Chebyshev- and Halley-iteration we need the bo(t) : 

t s (0.1)2 s 2 
bo(t) = fl ~ ~ 3 -----~I ds = [ao(t)]2 

because s 

F" (Xo) a 2 (O.1)2 t 2-1 
o= -T - -~2-- ~ 

The next iterationstep is: 

x1(t) = £n¢t + O.1 t-] (Newton) 
t 

x l ( t )  = £n~ t  + O.___j t - I  (1 O.1 t 1) e T - 2-'T -~ (Chebyshev) 

x l ( t  ) = £n~ t  + O. 1 t-__! O.1 t 1) t / (1 + ~ ~ - -  (Hal ley)  

x l ( t )  = ( l n ~ t ) 2  / (£n~t  O;1 t t l )  ( i t e r a t i o n  ( 1 1 1 . 2 . 3 ) )  

~ e n  we compare IIx + ( t )  - x 1 (t)II~ = sup Ix* ( t )  - x 1 ( t )  I f o r  t h e  d i f f e r e n t  p rocedu-  
t~[ t ,T1 

r e s  (see  a l s o  f i g u r e s  I I t . 5 . 1  - I I I . 5 . 4  f o r  t h e  p i c t u r e  o f  t h e  d i f f e r e n t  f u n c t i o n s  

Ix* ( t )  - x 1 ( t )  1 ) we see  t h a t  f o r  a = O.O1 and T v e r y  l a r g e :  
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IIx*-xll] ® ~ l O - l n  11 ~ 7 . 6 0  

IIx - X l l ]  ® ~ 40+Kn 11 ~ 4 2 . 4 0  
. 

llx -x t l l  ® ~ - - - + Z n  11 ~ 0 . 7 3  

l ix  -Xltl ~ ~ l O - l n  11 ~ 7 . 6 0  

(Newton) 

(Ch eb y s he v )  

( H a l l e y )  

( i t e r a t i o n  ( I I I . 2 , 3 ) )  

A l s o  t h e  f l m c t i o n - v a l u e s  f o r  t=2  and  ~=0.01 i l l u s t r a t e  t h a t  t h e  i t e r a t i v e  p r o c e d u r e s  

t h a t  t a k e  i n t o  a c c o u n t  t h e  s i n g u l a r i t y  o f  t h e  o p e r a t o r  G h~ t h e  n e i g h b o u r h o o d  o f  O, 

a r e  much more  a c c u r a t e :  

x (2) = - 2 .12026354  

x 1 (2) = 1 .08797700  (Newton) 

x 1 (2) = - 7 1 . 4 1 2 0 2 3 0  (Chebyshev )  

x I (2) : - 2 .48345158  ( H a l l e y )  

x 1 (2) = - 1 .71722223  ( i t e r a t i o n  ( I I I . 2 , 3 ) )  

50 

Figure II:I.S.l.: 

hO 

3O 

20 

1G 

Newton: 

Ix* (t)-x I (t) t 

t 
10o 

F i g u r e  I I I , 5 . 2 . :  

5O 

40 

20 

10 

Chebyshev: 

I x * ( t ) - x  1 ( t )  I 

I00 

Figure III.5.3.: 
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Halley: 

tx* ( t ) - X  1 ( t )  I 
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i'0 0 
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iteration ~II.2.3) : 

Ix ~ (t)~x I (t) I 

t 

l o o  

An iterative method resulting from the solution of the Pad@ approximation problem of 

order (n,m) for G with m > o, is also very useful when there are several singularities 

in the solution x*(t) itself, because the rational approximations xi(t ) can simulate 

certain singularities. We emphasize the fact that discontinuities cause difficulties 

when discretisation techniques are used. We will illustrate the advantage of the use 

of Halley's method and iteration (II.2.3) by an example. 

Suppose we want to solve 

x 2 F(x) = -Tt- + = O 

x(O) = -I 

for  t ~ [0 ,  l] U [3,Tj with T large. 

The solution x ~ (t) = T~_II • 

As an initial approximation we take x ° (t) = -I and we calculate 

F(Xo) = I 

dx 
F'(x o) x =~- 2x 

x 2 F" (Xo) = 2x 2 

For the Newton-correction we have to solve the linear problem 

da 
o 

dt" - 2no(t) = -I 

The solution is constructed in the same way as previously 

ao(t) = JO ds 

with 
t 

Ao(t) = -fO 2ds = -2t 

So 

ao(t ) = ~- (1-e 2t) 

Now we calculate the bo(t ) for the Chebyshev- and Halley-iteration 

2--'t" I ,. 2t,2 = -T-u-e ) 
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So 

t eAo(s)-Ao ( t )  1 ( l_eZS)2  
b o ( t )  = fO 

1 t e 2 t  ~ ( e4 t -1 )  _ 

ds 

The next iterationsteps are 

I x l ( t )  = - ~  ( t+e  2t )  

t _ 1 x l ( t )  = - g  e 2 t ( 1 - t )  -g (e4t+3) 

t e 2 t  + 1 (e 4 t -1 )  
x t ( t )  = 

- ( l + t )  e 2t  + ~1(e4t+3") 

-2  
x 1 ( t )  = 2t  

3 - e 

(Newton) 

(Chebyshev) 

(Halley) 

(iteration (III.2.3)) 

The exact solution x*(t) has a pole in t=1. The iterationsteps x I (t), obtained by ma- 

king use of the solution of the Pad6 approximation problem of order (1 ,I) and (0,1) 

are more accurate than the Newton- and Chebyshev-iterationsteps, because they approxi. 

mate the pole of x*(t) respectively by a pole in t=I.O1993442 0~alley's method) and 

t=O. 54930615 (iteration (I I I. 2.3)). So they also approximate ×* (t) wel I beyond the 

discontinuity while for the Newton- and Chebyshev-iterationsteps ]Jm x I (t) - -~. 
[~ 

To illustrate this we compare the function-values for t=3/2: 

x ~ @  = 2.000 

x I (~) = - 10.54 (Newton) 

x I (23--) = - 45.78 (Chebyshev) 

x I (~) = 2.544 (I~lley) 

x I (~) = O. 117 (iteration (III.2.3)) 

§ 6. BOUNDARY VALUE PROBLEMS 

Consider the equation 

d2x 
dr- ~ - f(t,x) = O 

x(O) = o = x U )  

for t ¢ [0,111. 

Let X = C"([O,]]) denote the set of all real-valued fm~ctions that are twice conti- 

nuously differentiable. Then we look for a zero of the operator 
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d2x 
F: {x ( C"([O,]])Ix(O)--O=x(1)} c X ~ C([O,]]) : x~ dt- ~ - f(t,x) 

The Newton-correction ao(t ) is the solution of the following boundary value problem 

d2ao of -d2x 
.a (t) = 9_+ f(t,Xo(t)) = Vo(t ) 

dt 2 aX[x=Xo(t) o dt 2 

Since boundary value problems correspond to Fredholm integral equations, the Newton- 

correction is also the solution of the following linear Fredholm integral equation of 

the second kind 

1 of 1 G(t,S)Vo(S)ds__Wo(t) ao(t) - fo  G(t,s) - ~  (s,x(s))IX=xo.ao(s)ds= /0 ( I I I .6 .1 )  

where 

G(t,s) = I s(t-1) for O _< s _< t 

I t(s-1) for t _< s _< I [41 pp. 176 ] 

This linear equation can be written as 

(Ix-L) ao(t) = Wo(t ) 

where 

Ix: x(t) -~ x(t) is the identity operator 

I L(t,s) ds L a o(t) = fo a o(s) 
with 

L(t,s) = [ s(t-]) ~-~0f (s,x(s)) I x=x for O <_ s <_ t 

I t(s-1) of (s,x(s)) I o for t _< s _< ] 
~'X X=X O 

If this linear operator (Ix-L) is bounded then (Ix-L)-] exists if and only if a linear 

bounded operator K with inverse K -I exists such that [IIx-K(Ix-L)H < I. 

Then (Ix-L)-1 = ~ [ Ix-K(Ix-L)]n K [ 41 pp. 43] . Let us take K = I x here. Then 

Ix-K(Ix-L) = L. n=o 

Now IIL)I = sup IILxl/-~ max 1 Ilxll=l [o ,1 ] fo  I LCt,s) I is 

of  . max f l  1 G( t , s )  I ds 
I1~- I  X=Xo (tDII [0,1]  0 

I of 
8 Ir~-£ I x=x o ( t )  II 

where II II = m a x ]  I. 
[0,1] 
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- 1 L n. So if lJ 8f JI is small enough then (Ix-L) = Z Ix=x 
0 n = o  

Again the Newton-correc t ion  can be computed i t e r a t i v e l y  

a ( ° )  ( t )  = 0 

1 L( t , s )  a~J-1)(s~ ds a(J)o (t)  = wo(t ) + fO 
where 

IILII j+l l[Wolf 
Ilao(t) - a ( j l  (t)I1 -~ - 

1 - trLII 

The co r rec t ion  bo(t  ) can be ca lcu la ted  analogously,  and the whole procedure can be 

repeated for  the next i t e r a t i o n s t e p s .  As an example we w i l l  solve the equation 

d2x - (t  x 2 
d-Tt - 1 ) = o  
x(O) = O = x O )  

for  t ~ [0 ,1 ] .  

Let us take xo(t)  = O. For th i s  f ( t , x ) ,  ]ILII = 1/54 < 1. 

The solution of equation (III.6.1) is 

a ° ( t )  = ~ t  ( l - t )  

The co r rec t ion  bo(t)  is  the so lu t ion  of the boundary value problem 

d2b 
o _ 8__~f .bo(t ) = F"fx ) a 2 (t) = -2ta2(t) 

dt 2 8x I X=Xo(t) " o- o 

or converted into an integral equation 

I 8f 1 s 3 
bo(t) - fO G(t,s) ~-~(s,x(s)) I X=xo'b°(s)ds = -fO G(t,s) ~ (l-s) 2 ds 

t 7 t 6 t 5 = t 5 3 4 I + t 2 
So bo( t  ) = ~}  ~ - Tg + 20 ~-4c0 a ( t ) ( ~ - -  76t  + 1-~  (t3 + t + I)) 

The next  i t e r a t i o n s t e p  i s  

x 1 ( t)  = @ ( t - t )  (Newton) 

1 t 5 3 4 I + t 2 
x1(t) = ~t (l-t) [2 --~ + 7~t - ~ (t 3 + t + I)] (Chebyshev) 

t ( t - 1 )  
x 1 ( t )  = 

t S 3 4 1 t 2 
- z - 7 7  + y 6  t - ~ ( t 3  + + t + l )  

I f  we c a l c u l a t e  a 1 ( t )  i t e r a t i v e l y ,  we g e t  

(Halley) 
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a~ °)(t) = o 
= I t 7 t 6 

a~ 1)(t) T (%-~ - - ~ ' -  + - -  - - -  
t 5 t 
20 T~)  

and for x2(t ) in the Newton iteration 

x2( t  ) = X l ( t  ) + a ~ l ) ( t )  

t 5 3 4 1 t 2 = a o ( t )  l a o ( t ) ( - ~ - -  ~ t  + 1 -~  ( t3  + + t + 1)) 

which is precisely one Chebyshev-iterationstep. 

The solution of the boundary value problem has been calculated for discrete values 

ti--2~ (i=0,...,200) in the interval [0,I], by means of subroutine DI~2AD of the 

Harwell-library (based on a finite difference approximation to a linearized form of 

the equation) and also with the initial values xi=x(ti)=O. After interpolation through 

the (ti,xi) we get the following picture of the solution x*(t) 

• III " 
2 ,S~ 

I .~5 

~.~ 

Figure III.6.1. 

The different functions x1(t ) mentioned above, give the same plot. We can also compare 

the function-values in some points (7 significant figures): 

DD~Z~ Newton Chebyshev Halley 

0.25 0.0933169 

0.50 0.1242918 

O.75 0.0932114 

0.0937500 

0.1250000 

0.0937500 

0.0933121 

0.1242839 

0.0932053 

0.0933141 

0.1242879 

0.0932084 

Table III.6.1. 

The functions ix* (t) - x I (t) l for the different iterative schemes give the following 

plots: 



Figure III.6.2. 

i0"3  
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0.25 0.50 0.75 I 

Figure III.6.3. I 

10-5 
2 

0 

0.00 

C~-ebyshev 

0.25 0.50 0.75 I 

10 -5 
2 

Figure IIL6,4, I Halley 

0 - --T----- ............ ; ......... , 

0 . 0 0  0.25 O.SO 0.75 I 

§ 7. PARTIAL DIFFERENTIAL EQUATIONS 

Consider the following nonlinear equation which is of interest in gas d~mnics 

ax(s,t) =-- ~2x + a2x = IR 2 
as 2 7 x2(s,t) for (s,t) in ~ c 

x(s,t) = r(s,t) on the bo~dary of the region ~ 
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A solution x(s,t) is sought in the interior of ~. 

If F(x) = ax- x 2, then 

F'(x o) x = ~x - 2Xo.X 

F,,(Xo) x 2 = _2x 2 

The Newton-correction satisfies 

~ao(S,t ) - 2 ao(S,t) • Xo(S,t) = X2o (s,t) - ~Xo(S,t) 

a o ( S , t )  = 0 on the boundary o f  the r eg ion  

( I I I . 7 . 1 )  

Pohozaev has proved that [40 ] 

2 
A X = X  

x ( s , t )  = r ( s , t )  > O on the  boundary o f  

has a unique  p o s i t i v e  s o l u t i o n  x ~ , t )  and t h a t  the  Newton i t e r a t i o n  converges  i f  the  

i n i t i a l  approx imat ion  x ° i s  the  s o l u t i o n  of  the  Laplace equa t ion  wi th  the  same D i r i c h l e t  

boundary c o n d i t i o n s :  

kx = 0 
o 

Xo(S,t) = r(s,t) > O on the boundary of ~? 

This initial approximation cancels the term -kx ° in (III.7.1). Instead of solving 

(III.7. I) we can again rewrite it as a linear integral equation of Fredholm type and 

second kind by means of the Green's function K(s,t,u,v) for ~: 

ao(S,t ) = 2 YK(s,t,u,v) ao(U,V ) Xo(U,V ) du dv + ffK(s,t,u,v) X2o(U,V) du dv 

I f  a = [0,11 x [0,11 then 

-4 Z sin k~s sin j~t sin k~u sin j~v 
K(s,t,u,v) =7 j=l j2 + k 2 .................... 

k=1 

( I I I . 7 . 2 )  

-4 n sin k~s sin j,t sin k~u sin j~v 

jZ=l .2 k 2 
k=l 3 + 

For r(s,t) = I the initial approximation Xo(S,t) = I. We compute ao(S,t ) by repeated 

substitution in (III. 7.2), where we use the indicated approximation for K(s,t,u,v): 

a (o)  ( s , t )  = 0 
0 

n 
16 Z s i n  k~s s i n  j~t  

a 1)(s,t) = -7 j=1 (k 2 + j2) kj 

k=1 
j odd 
k odd 
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n n,, 
We will denote Z from now on by Z . 

j,k=1 j,k=l 
j,k odd 

The function bo(S,t ) is the solution of 

= 2 f / K ( s , t , u , v )  bo(U,V ) Xo(U,V ) du dv - 2 f f  K ( s , t , u , v )  a2{u,v)  du dv bo(S,t) 
u 

a 2 -2ao 2. s i n c e  F " ( X o )  o = 

So f o r  r ( s , t )  = 1 and a = [O, 11 x [O,11 we ge t  

bo(°) ( s , t )  = O 

215 n,, 
b 1) ( s , t )  = ~ X 

n ' "  j,k=l 
l,m=1 
i,h=1 

where 

ih sin ins sin h~t 

(i2+h 2 ) ( j 2+k2 ) (~+m 2) P ( i , k , £ )  P (h , j ,m)  

P(i,k,£) = (i-k+£) (i+k-£) (i-k-g) (i+k+£) 

Greenspan has proved that the solutions of the following finite systems which are the 

result of a discretisation of (III.7.1), converge to the solution of ~x = x 2 with 

the given Dirichlet boundary conditions, as the mesh size h approaches zero [ 261 : 

let xij = x(si,tj) = x(ih,jh) 

construct x! k) in terms of x! k-'1) as follows 
1j 1j 

x (k) = x (k) = x (k) =x (k) = ~ for i,j = o,...,m and h = I_ 
i,o o,j i,m m,j m 

x(° ) = I 
13 

x(k) (-2x}~ -I) -4)+~ rx (k) + x (k) x (k) x (k) ~ = - I x ( k - l ) ]  2 
ij h 2 ~ i+1,j i-l,j + i,j+1 + i,j-1J • ij 

The procedure tel~inates when max !k)_ !k-1)l <_ ¢ and this final x (k) is defined to 
i,j x13 x13 ij 

be the solution. We shall now compare the function-values of the different iteration- 

steps x1(s,t ) (Newton, Chebyshev, Halley) and the solution of (III.7.3) for h=I/]OO 

and ¢=5.0(-9). For the calculation of K(s,t,u,v) we have taken n=5. The functions 

x1(s,t ) all give the plot drawn in figure III.7.1. 

( I I I . 7 . 3 )  

Figure III.7.1. 
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Chebyshev 

Halley 

h = 1/1¢o 

0.25 
0.50 
0,75 

0.25 
O. 50 
0 .75 

0 .25 
O. 50 
0,75 

0.25 
O. 50 
0 .75 

116 

0.25 

0.954473792 
0.942281229 
0.954473792 

O.28 

0.954360724 
0.942115745 
0,954360724 

0 .25 

0.954360443 
0.942115269 
0.954360443 

0.25 

0.958513709 
0.947882192 
0.988513647 

O. 50 

0.942281229 
0.925794323 
0.942281229 

O, 50 

0.942118745 
0.925550785 
0.942115269 

O. 80 

0.942115269 
0.925549983 
0.942115269 

O. 50 

0,947882237 
0.933717325 
0.947882149 

0.75 

0.954473792 
0.942281229 
0.984473792 

O. 78 

0.984360724 
t 0.942115745 

0.954360724 

0.75 

0.954360443 
0.942115269 
0.954360443 

0.75 

O.958513709 
0.947882192 
0.958513647 

Table I i t . 7 . 1 .  

§ 8. NONLINEAR INTEGRAL EQUATION OF FP4;DIDIN TYPE 

A g e n e r a l  n o n l i n e a r  Fvedholm i n t e g r a l  equa t ion  may be w r i t t e n  in  t h e  form 

F(x) = da b K(t,s,x(t),x(s)) ds = O for a ~ t 5 b 

We will treat the equation 

X I t 
F(x) = x ( t )  -1 - T x ( t )  fo  t -~s  x ( s )  ds = 0 

f o r  0 < t _< 1 and 0 _< X _< 1 

which was derived by Chandrasekhar [10] 

If we write 

1 t x ( s )  ds Lx = fO 

then 

X (x.Lx * x .Lx) F'(x o) x = x-7 o o 

F"(Xo) x 2 =- Xx,Lx 

For x o = I the Newton-correction is found by solving 

(III.8.1) 
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if we take j = l  for the calculation of ao(t ) and bo(t ) we get 

k t+] 
Xl( t )  = I + ~ t i n . -  t ~I) 

X t+l = 1 + a ( t)  (Newton) 
I -7 t Zn t 

x ~1) 
X1(t) = i + aJ I) (t) + T a (t) I t ~I) 

X t+ l  f0  ~ a (s) ds (Chebyshev) 
1 - ~- t I n  T 

a~ 1) ( t)  
x l ( t )  = 1 + X (Hal ley)  

T I t ~1) 
1 - X t+l  fO ~ a ( s )  ds 

I - T t  Z n -  i- 

Ral l  ment ions  the  f a c t  t h a t  Xo(t ) = 1 i s  a s a t i s f a c t o r y  i n i t i a l  approximat ion  f o r  the  

N e w t o n - i t e r a t i o n  on ly  i f  [41 pp. 771 

0 5 k ~ = O.59758... 

For other X we need other initial approximations. If we want to know the solutions 
* g 
x (t) for k =~ (I=0,...,IO) we could use a tactic known as continuation: the solu- 

tion for X = T~ is used as an initial approximation for the calculation of the solution 
X /+1 * 

for = --I-O " :Now for k = O the exact solution of (111.8. I) is x (t) = I. 

For the computation of the integrals in (III.8.2) and (III.8.3) we have used the nine- 

point Gaussian integration rule [ 1 pp. 916] 

1 9 
fO f(t) dt ~ 2 w k f (tk) 

where k=l 

t k 

k = 1 0.0159198802461869 
2 0.0819844463366821 
3 0.1933142836497048 
4 0.3378732882980955 
5 0 . 5 0 C 0 ~  
6 0.6621267117019045 
7 0. 8066857163502952 
8 0.9180155536633179 
9 0. 9840801197538131 

and the  w k a r e  the  s o l u t i o n  of  the  l i n e a r  system 

9 
1 

~ - 1  Wk = ~_(Z = 1 , . . . , 9 ) .  
k= l  

This i n t e g r a t i o n  r u l e  enables  us to c a l c u l a t e  a(J)o (tk) and b (j)o ( tk) to  t he  d e s i r e d  

accuracy .  I t  a l s o  enab les  us to  c a l c u l a t e  f u r t h e r  i t e r a t i o n s t e p s  xi+ 1 ( t k ) :  

9 w z 
Lx i ( t  k) = t k Z tk  + t z X  i ( t / )  k = 1 , . . . , 9  

£=1 

F(x i )  ( tk) = -1 + x i ( tk) (1 - + L x  i ( tk ) )  
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a (°) b!  °) ( tk )  = 0 i ( tk)  = 0 and 1 
X 

I - x i  ( t k )  (1 - T L  x i ( t k ) )  
a ( J )  ( tk)  = _ X 

i 1 ~- L x i ( t  k) 

to  t h e  d e s i r e d  a c c u r a c y ,  and 

@ x  i ( tk)  t k 9 w£ 
+ ( ~ a!J  -1)  :~ (tg)) 

k 
] - - y L  x i ( t  k) g=l t k + t g  

k 
b ( j )  ( tk )  T tk 9 wg . _  

x [ Z ( - 2 a i ( t k ) a i ( t g )  + x i ( t k ) b  ~2 ] ) ( t £ ) ) ]  
i 1 - ~-L x i ( tk )  g=] t k + t g  

to t h e  d e s i r e d  accuracy,,  where a i ( t  k) i s  the  l a s t  app rox ima t ion  a (j)i v ket ) to  t he  Newton- 

c o r r e c t i o n .  We can c o n t i n u e  t he  i t e r a t i o n  t m t i l  

max I x i ( t k ) - X i ~  l ( t k )  ! < 
k = ] , . . .  ,9 

* 
We g ive  t h e  s o h l t i o n  x ( tk)  f o r  k = ~  (g .=1 , . . . , 10 )  and the  number of  i t e r a t i o n s t e p s  

needed in the different iterative procedures to achieve convergence to 8 decimal digits 

(~: = 5.(-9)). In [41 pp. 78] Rall has approximated the integral equation (III.8.I) by 

x 9 w I C l 
~k - ] - T g k t k  £=1 ~ 2  where <k = x ( tk )  f o r  k : 1 , . . . , 9  

Th i s  f i x e d  p o i n t  problem can be so lved  by r e p e a t e d  s u b s t i t u t i o n  and the  method of  

c o n t i n u a t i o n .  The number o f  i t e r a t i o n s  r e q u i r e d  now to o b t a i n  convergence  to  e i g h t  

decimal  p l a c e s  ]s a l s o  shown ill t he  f o l l o w i n g  t a b l e .  I% n o t i c e  a s i g n i f i c a n t  d i f f e r e n c e .  

Al l  t h e  compu ta t i ons  a re  p e r f o m e d  in double  p r e c i s i o n  accuracy  (about  16 decimal  

digits). For the calculation of x (t k) for a chosen \, (III.8.4) has been rewritten 

as follows [47] to remove singularities in the httegrand for small t arid great 

x ~ ( t )  = e.xp (z* ( t ) )  
with 

z ( t )  = ~ fO I f ( e )  - g(~) + h (e ) ]  de + z 2 ( t )  - z 3 ( t ) .  

f (6 )  = \ Arc tg  (t tg  6) 

g(e)  = [ X A r c t g  

2 t (>>3  
h(0)  = 1 

I-~,+ T 

h ( t )  = x 

1 
> , { ~  

2 
6 cosec (- - cotg 8 

1 - k 6 cotg 8 

( t  tg  e) 

2 
X 8 

1 (]-t.2n+] for ] > t > g7 - ] 

n=o (2n+]) 

2n+]  
1-t + £ t 

In t <n-fT-t n=o (2n+1)2 }fOr 0 < t < V[ - ] 

z3(t ) 2t X) Arctg ('7 ) 
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]'he convergence to eight decimal places of the different methods of approximation does 
. 

not imply that those eight digits are significant digits for x (tk). For small t k and 

great k the iterative methods do not converge to x* (tk) but to a function in the neigh- 
* 

bourhood of x (tk). Let us denote by xi(tk) the solution obtained by performing one of 

the iterative procedures Newton, Chebyshev or Halley (for each of the iterative pro- 

cedures after a different nmnber of iterationsteps) and let us denote by xF(tk) the 

solution obtained after rewriting (III.8. ]7 as a fixed point problem. 

In the tables III.8.2 and ]II.8.3 one can find ~*(tk) - xi(tk) I and Ix*(tk) - xF(tk) I 

for k=],...,9 and k =O.],...,l.O . For small! t k (k=],2) generally 

xF(tk) <_ x (tk) < xi(tk) 

Only for k = I.O one notices slight difI~erences. 

§ 9. NU~RIC~L STABILITY OF THE I{,\LI,I:iY-ITtilCcTION FOR T[[{ SOLtFFION OF A SYSTEM OF NONLINEAR 

iqFATIONS 

9, 1. Numerical stabT~lity of iterations 

Consider the mmerical solution of the equation 

F(x) = 0 ( I I I . 9 ,  1) 

w i th  F: ~ P  o+ ]RP: x -* F(x) ,  a b s t r a c t  a n a l y t i c  in O arid assume t h a t  ( t l i . 9 . ] )  has  a 

s imple  r o o t  x , We b r i e f l y  repea t  the  d e f i n i t i o n  of  condi t ion-number  g iven by [48] 

Wo±niakowski. 

The cons i t i on -number  should measure the  s e n s i t i v i t y  of  the s o l u t i o n  (ou tput )  w i th  r e s -  

pect  to changes in the da ta  ( i n p u t ) .  We asstm~e t h a t  F depends p a r a m e t r i c a l l y  on a vec-  

t o r  d ~ ]R q, c a l l ed  da ta  v e c t o r  

F(x) = F(x;d)  

Instead of the exact value F(x;d) we only have the computed value f£(F(x;d)) in t di- 

git floating-point binaryarit]mletic. At best we can expect that f£(F(x;d)) is the exact 

value of a slightly perturbed operator at slightly perturbed data 

fg(F(x;d)) = (I x + ~F) F(x+ax;d+Ad) (III.9.2) 

where I is the p x p tu~it-matrix, al ,~ is a p x p matrix and 
X 

t[~xtl -< clpllxll 
IIb~dll ~ C2P[Idjl ( I I I . 9 . 3 )  

II~FII < c3p 

for constm]ts CI, C2, C 3 only depending on the dimensions of the problem, and with 

o:2 -t 

the relative computer precision [ 27]. 
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We s u e m a r i z e  ( I I I . 9 . 3 )  by w r i t i n g  

/~x = O(p) ixd = O(p) ~F = O(r~) 

We w i l l  a lways ,  f o r  a g i v e n  F, d e f i n e  t h e  d a t a  v e c t o r  so t h a t  ( I I I . 9 . 2 )  h o l d s  and so 

t h a t  t h e  c o n d i t i o n - n u m b e r  (see  d e f i n i t i o n  I I I . 9 .  l) i s  m in imized .  Let  f l ( d )  d e n o t e  t he  

t d i g i t  b i n a r y  r e p r e s e n t a t i o n  o f  t h e  v e c t o r  d in  f l o a t : i n g - p o i n t  a r i t l ~ n e t i c  

I[fg(d) - dl[ -< Cpl[dll i . e .  f g ( d )  - d = O(o) 

S ince  d i s  r e p r e s e n t e d  by f £ ( d ) ,  we s o t v e  in  f a c t  F ( x ; f g ( d ) )  = 0 i n s t e a d  o f  F(x) = O, 

i n d e p e n d e n t  o f  t h e  method u s e d  to  s o l v e  ( I I I . 9 ,  I ) .  Let  F'  and F~ deno te  t h e  p a r t i a l  
• X 

F r ~ c h e t - d e r i v a t i v e s  o f  F, r e s p e c t i v e l y  w i t h  r e s p e c t  to  x and d. 

Now F ( x ; f g ( d ) )  = 0 h a s  a r o o t  x ~ in  t h e  ne ighbourhood  o f  x* and ~* - x* = O(p) i f  t 

is sufficiently large: 

x - x = -Fx(X ; d) -I Fd(X ; d)(fl(d) - d) 

+ higher order terms in x - x ~ and fg(d) -d 

= - F '  F~(x ; d ) ( f g ( d )  - + x(X ; d) -1 d) 0 ( 2 ) ,  

x e O: II ~* - x ll/llx I) < I!F~( x*;  d) - lF 'd(X*;d) l  ,' Cp l:d!;/ix ,';+O(c ~) 
? 

For 

D e f i n i t i o n  I I I . 9 . 1 . :  

Cond(F; d) = !!F~(x ; d) -1 Fd(X ; d)[t.[Idli/l!x [[ i s  c a l l e d  tbe  

c o n d i t i o n  n ~ b e r  o f  F w i t h  r e s p e c t  to  t h e  d a t a  v e c t o r  d. 

We c a l l  a problem i l l - c o n d i t i o n e d  :if cond(F;d)  >> 1. 

Let  u s  now suppose  t h a t  F (x ;d )  : 0 i s  s o l v e d  by an i t e r a t i v e  p r o c e d u r e  , 5 ( x i , F ) ,  where 

can u s e  s e v e r a l  F! j ) ,  t h e  j t h  F r ~ c h e t - d e r i v a t i v e  o f  F a t  x.  ( i f  j= l  or  2, a s i n g l e  
1 ] 

or  doub le  pr ime i s  used  i n s t e a d  o f  t h e  s u p e r s c r i p t  j ) .  I f  {x~} i s  t h e  sequence  o f  

s u c c e s s i v e  a p p r o x i m a t i o n s  o f  x* ,  we can a t  b e s t  e x p e c t  x.  to  be t h e  r e p r e s e n t a t i o n  o f  

a computed v a l u e  f o r  x , 

~*1[ * 
!!x i - ~ KoNx II 

So 
IIx i - x*ll ~ [Ix i - ~ l l  + tl ~* - x*l] ~ Kpll~*ll + Co cOnd(F; d).l lx*ll  ÷ 0(~  z) 

< K p ( [ l ~  - .v,~ll + 11~t[) + Cp condt I : ;  d ) . l l x * l l  + 0 (0  2) 

I K~ + Co condO: ' ;  d ) l  - [ l ~ l t  + o f f ,  Z) • 

D e f i n i t i o n  I I I . 9 . 2 . :  

s~l i t e r a t i o n  + i s  c a l l e d  n u m e r i c a l l y  s t a b l e  i f  

l im iJx i - x*l] 5 p.r!x*ll.(c cond(F;  d) + K) + O(p2) ,  

with C and K nonnegative constants. 
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In practice we often want to find an approximation x i such that fix i - x*Ir ~ ~-l[x*b 

This is possible if the problem is sufficiently well-conditioned, i.e. n cend(F; d)=O(~. 

In floating-point arithmetic we have 

xi+1 = ~(xi'F) +Ki where Ki = fl(~(xi'F)) - ~(xi'F) 

Theorem III.9.1.: 

Proof: 

A convergent iterative procedure ~(xi,F) , i.e. lim IJ~(xi,F ) - x*II = o~ 

numerically stable if lira II¢il I _< plJx*II. (C. cond(F; d) + K) + O(p 2) is 

We shnply verify the definition: 

l i r a  IIx i - x*]l -~ . l i m f l l * ( x i _  1,  F) - x*ll + I[Ki_]ll] 

= lira I[Ki_lll _~ p Ilx*ll(C cond (F; d) + K) + O(p 2) 
i -~  

9.2. The HalleyFiteration 

In [48] Wo~niakowski proves m~nerical stability of the Newton-iteration for the solu- 

tion of a system of nonlinear equations, 

xi+ I = x i + a i 
with 

a.  = - F ! - I F .  
1 1 1 

under  a n a t u r a l  assumpt ion  on the  computed e v a l u a t i o n  o f  F. 

Theorem I I I. 9.2. : 

If a) fl(F(xi; d)) = (I x + aFi) F(x i + axi; d + ~d i) = F(xi; d) + 5F i 

with 6F i = AF i F(xi; d) + F'x (xi; d) ~x i + F~ (xi;d) ~d i + O(p 2) 

b) f l ( F ' ( x i ;  d) )  = F ' ( x i ;  d) + 6F.~ w i t h  6F~ = O(p) 

c) t he  computed c o r r e c t i o n  f l ( a i )  i s  t he  e x a c t  s o l u t i o n  

o f  a p e r t u r b e d  l i n e a r  sys tem 

(F'(xi; d) + 5F~ + E i) f£(a i) = - F(xi; d) - 5F i with 

~ i  = o(p)  

then  the  N e w t o n - i t e r a t i o n  i s  n u m e r i c a l l y  s t a b l e  
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We will now prove numerical stability of the Halley-iteration for the solution of a 

system of nonlinear equations: 

2 a. 

xi+ I = x i + ~ (III.9.4) 

~iai + with 

b-  = F ' - I  F'.' a 2 
I I i I 

under assumptions similar to the assumptions for the Newton-iteration. We , , ' i l l  also 

assLcae that the divisions in (III.9.4) are such that 

O(iIaill j-k = O(p £) (III.9.5) 

ai + ~ i F i a 

Condition (III.9.5) takes care of the fact that the denominator of the correction-term 

(III.9.4) does not become too small in comparison with O(llaill j-k pk). in 

The assumption (III.9.5) is a natural generalization of the following relations: 

a i for.p = I : lira = ] 
1 -,-I F" a 2 

i-~ ai +-2~i i 

I 

3L ( IN, D E R + ai 'I 
o m- vi ~ L : ai I -I a2 I ~ I + D 

(case j = I, k = 0, £ = O) 

a n d  

i n  a c o n v e r g e n t  p r o c e s s  ( 1 1 1 . 9 . 4 )  l i m  Irx* - xi[I  = o 

a ~  " U g 

lira 1 : 0 lima. = 0  
i-~ a i + I FI-I Fi,, a21 i-~ i 

2 
a. 

3N ~ IN m-Vi _> N : z = O(p) 7M E IN ~- Vi > M : a- = O(D) 
a i  + 1 F ' i -1 F'.'I a~  - 1 

Vi >_ max(N,M) : 

2 
a i = I 

ai+~F z 

g 

3M E IN =. Vi > M : a 2 - i = O(IIai}lP)  

I IIIIIII 

1 '-I 20(llaiIlP) = O(p) 
a i + ~ F i F'.' a i I 

(case j = I, k = O, £ = I) 
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From now on we w i l l  sometimes w r i t e  F(xi)  , F'x(Xi), F~(x i ) ,  F ' ( x i ) ,  F" (x i )  i n s t ead  of  

F ( x i ; d ) ,  F ' ( x i ; d ) ,  F~(x i ;d)  , F ' ( x i ; d ) ,  F " ( x i ; d  ) in o rde r  to shor ten  the  n o t a t i o n s .  

Theorem I I I . 9 . 3 . :  

I f  a) f g ( F ( x i ; d ) )  = (Ix+AFi)F(xi+Axi;d+Adi)  = F(xi )  + ~F i wi th  

~F i : ~F iF(x i )  + F~(x i )  sx i + F~(x i )  ~d i + O(p 23 

b) f g ( F ' ( x i ; d ) )  : F ' ( x i )  + 8F~ wi th  &F~ : 0(~) 

c) fgCF"(x i ;d ) )  = F ' ( x i )  + :F7 with 5S[ = 0(>) 

d) the computed correct ion £g(ai) is the exact solut ion 

of a perturbed linear system 

( F ' ( x  i )  + 6F~ + E i , 1 ) f t ( a i )  = -F(x  i)  - 6F i ,  wi th  E l ,  1 = O(p) 

e) ana logous ly ,  

(F ' ( x  i) + eF~ + E i , 2 ) f g ( b  i) = (F"(x i) + 6F~) f g ( a i  )2 wi th  El ,  2 

and ( I I I . 9 . 5 )  holds ,  

then the i t e r a t i o n  ( I I I . 9 . 4 )  i s  numer i ca l ly  s t a b l e .  

= o(~) 

Proof:  

Let F ' ( x i )  + sF: = F'  " ,1 ) 1 + E i , t  (xi) t Ix+Hi 

= F' (x  i ) -  I where Hi, 1 {6F'+E } : O(;)  because of  b) and d].  i i ,1  

So 5~r small  p 

-1 + 0(02) (Ix+Hi, 1) : Ix -Hi ,  1 

Thus 

f£(ai) = (Ix-Hi,])FS I(-Fi-6F i) + O(p 2] 

Analgously 

fZ(bi) = (lx-Hi,2)F~-I(F~+~F~') fZ(ai) 2 + O(o 2) 

with Hi, 2 = O(p). 

Now 

(F~+~r'~)fZ[ai)2 = (F"+i ~ ~''i )[ ( Ix-Hi ,1)Fi -1  (-Fi-s'Fi)i  2 + O(p2) 

= (F'd+sF7)a ~ + 2(F~'+6Fil ) (F] -1Fi ,F~-16Fi-Hi ,1F~- lF i )  + O(D 2) 

. . . . .  2 2FT<ai,F~-I  Fi_Hi + ocp2) 
= ( , - i+6F i )a i  - ,1F~- ]F i  ) 

(III.9.6) 



Thus 

127 

fg(bi) = FI-I(F~+6F~)a~ - 2F~'lFI(ai,F~-16Fi-Hi,1F~-1Fi) 

A computed approximation xi+ I satisfies 

I fg(ai) 2 ] 
xi+1 = (Ix+61i,1) xi + (Ix+61i,2) ----YC_ ' 

f£(a i) +-Sl(b i) 

where 51i, 1 and 6Ii, 2 are diagonal matrices and 

61i, I = O(p) and 61i, 2 = O(p). So 

[ a.2-2a..(F:-16F.+H. ~a.)+ O(p2)] 
i 1 1 1 i~I 1 

Xi÷1 = (Ix+61i,1) Xi + (Ix+61i,2) ] + 2 '' 
a i ÷ ~b i - 5a i O(p ) 

whe re 

2~'-1~ I a~ 
6ai = Fi-16Fi + Hi,lai - 2 i i 

~H 2r~-lFy a2 F~-~rl - ~F i ~F~-l~i ). + 2 i, I + (ai, F~ I _ Hi , 

Using (III.9.6) we find 

fZ(ai) - a i + Hi, I a i - Hi,IF~-IsFi + O(p 2) = -F~'16Fi , 

and thus, for positive constants D I and D2, 

JIF~-16FiJI : D2pIla~II 

since 

and 

IJfg(a i)-a i IJ -~ D I plIa i II 

IIF~ -1 tl. ItF i It -~ t1~ -~ ti. ltr~ It. lla i ft. 

Thus 

xi+1 
I 2 j a i 2a.(F!-IsF.+H. ~a.) + 6I. ~a 2 - I 3 I i~ I l,z i + O(p21iai if2'p2) 

= (Ix+61i,1) xi + ..... I 2 
ai +Tbi - 8ai + O(p ) 
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2 
where 6Ii, 2 a~ is the linear operator 51i, 2 evaluated in a i 

(componentwise square of the vector ai). 

So 

a2 2ai(F~ "1 2 + O(o211ai[12,o2) 1 = i - 6Fi+Hi~]ai) + 61i,2 ai ' ..ci 
+ ] ..... 

xi+ ] (Ix+61j, 1) x i ai +-~b i 

w 

1 ] 2 ii2_kpk+2, c i = I + 1 - - - - - - ~  (sai + O(e2)) ~ O([laj k=O,],2) 
ai+ 2i i+-2 b 

since 8a i = O(pIlailI), where I is the unit vector (1,...,1) in ]R p. 

Using (III.9.5) we conclude 

(, 1 b - O(llailf2-kp k+2, k=O,1,2) = O(p2). 

i + - ~  

For ~i = xi+] " @(xi'F)' we have 

So 

Thus 

2 
a- 

~i = 51i,1 xi + ~ - I) a i -Ib (ci 
+ 2 i  

a 2 + O(o2flailJ 2) + -2ai(Fi-]6Fi+Hi,lai ) + 61i,2 i 
') 

a i + -~ b i 

°C. 
1 

2 
ai .c i + 0(9). 

+ 61i'] ai +~i 

= 6 I i ,  1 x i - O(ollaill3,p2[rairl 2) 
i+~b 

] 
+ 1 ( -2a iFi -18Fi  + O(pllai/t2'p211ai I I2)) ' ( ]  + O(p)) 

a i + -~ b i 

+ 0(o2) .  

]I -2ai F~-]6Fi I + 0(o2), ]I~i]! -~ klOllxi]l + k~°J]aifl + l 
- a i +Tbi 
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and since 

-2a. 
-2ai I Fi-16Fi ~ Fi-!(e'FiF(xi ) Fx(Xi)kxi Fd<Xs)Adi )+ O(~2)) - -  -- -- + + ~# 

a i + 7bi a i + -~b i 

1 2a. 
] 

a i lb  O(°llai!l)F(xf)- 1 b ~xi 
+ 2i ai+2i 

2a. I 

a i+ibS F!-IF, ( x ; ) x  a ~ ~da~ + ]-----7- 0 (D211aili) 
2i ai+2i 

we find that 

* 0(~2) lim ]/<il[ < pi{x t.(K + C cond(F;d)) + 

for limi~ a i = O : limi~ ~ F(xi) in a convergent process and 

ai~x i = O(oilaill) and aiF~-IF~(xi)Adi = O(plIaiJi). 

9, 3. E zar~;e 

Consider the following operator 

e-X+Y t x ~ -dl F : R2 ~ >2 : .fy) < e-x-y 
~d 2 

with d I >0 and d 2 >0 .  

The operator F has a simple root x* 1 = (-~ gn(dld2), 

Clearly d = (dl, d2) ( N2 is the data vector 

Now 

1--£n(dl/d2)). 

-Cdl+~d)] fl(F (x,y;d)) = ([(1+Sl) e (-x-L'x+y+L'y) (1÷61) (1+<1) k~ 

\l(>@e (->~''x->A'y) (1+%)_(e2+~[d) 1 (>~2)/ 

where fl(x) = x + k'×, f~(y) = y + k'y, f~(d]) = d I 4 #qd, f~(d2) = d o= + ~2d, 

01 is caused by -f~(x) + f£(y), 6 2 is caused by-f#(x) - fg(y), a. are caused by the 
i 

exponential evaluations (i=1,2), ~i are caused by the subtraction of f£(di) (i=1,2). 

One can rewrite f[(F(x,y;d)) = (lx+kl<)F(x+kx,y+~y;d+&d ] with 
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ax = xe 1 + b'x(l+el) , by = ye 1 

a~d- 61d 1 
bld 

1+61 

bid - a2d 2 
a2 d = 

1 + 62 

d 2 + bld 
+ 

I + 6 2 

+ b'y(l+el), bd = (bld, b2d), 

(x+b'x+y+a'y)(62-el) 
(e -1), 

bF= I 
(I+~I)(I+<i)-I 

0 (l+e 2) (l+K2)e 

0 

(x+b'x+y+a'y) (el-e2) 1 / 

The inverse of the Jacobian matrix in the root x is 

] ( -d2  -dl ) ( ~ 1  ~1  
2(d 1.d2) d2 -dl and Fd = 

The condition-n~nber of F with respect to the data vector d is 

, ~r - 1  IlFx(X ;d) II. 
II (d 1 ,d 2) N 

1Ix*If 

a21 / 
= of a matrix A = (aij) and the L2-norm Halt = 7z Using the Schur-norm IIAI] "-i,j 13 i 

of a vector a = (ai), the condition-nL~nber is 

2 2 
d I + d 2 

v~ dl dzllX*ll 
putting dl=d=d2, the root x = (-gj~ d,O) and the condition-nL~nber is ~Z/]lnd I. 
The problem is extremely well-conditioned if cond(F;d) < 1, i.e. 

d ( ] - ® ,  e -v~'] U l e ~  +~ [ 
The problem is very ill-conditioned if d = e E with s very small. 

We will now check some of the conditions of theorem III.9.3. We already know 

f£(F(x,y;d)) = (Ix+&F)F(x+&x,y+by;d+ad). Now 

f/(F' = f /  / -e-x+y e-X+Y~ 
(x,y;d)) ~-e-X-Y -e-X-Y/ 

where 

a 2 
i 
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and 

-x+y ( -x - a ' x+y+A 'y )  (1+01) 
f l ( e  ) = ( t + s l )  e = (1+¢]) e -x+y e - a x % y  

= e -x+y [ l + e l + ( l + a  1) (e % x % y  -1)1 , 

( -x -  a ' x - y -  A'y) (1+02) 
f l ( e  -x -y )  = [1+s2) e 

= ( l+s  2) e-X-Ye - b x - b y  e(X+b'x+Y+b'Y)(Ol-@2) 

(x+h'x+y+ b 'y)  ( @ 1 - 02) 
= e-X-Y [1+~2+(]+~ 2) (e -Ax-ay e - 1 ) ] .  

So f l ( F ' ( x , y ; d ) )  = F ' ( x , y ; d )  + 6 F ' ( x d ; d  ) w i t h  

5 F ' ( x , y ; d )  

-Ax-~y (x+A'x+y+A'y)(@l-@2) 
e2+(I+~2 ) (e e - I)/ 

= O(p) 
We can write down an analogous formula for F"(x,y;d). 

F' ( x , y ; d )  

The two linear systems of equations are well-conditioned since the condition-number 

of the linear systems in x = lim x. is 

tIF x (x* ; d ) - I  ll.llFx( x ,  * ;d)ll = 2 

One can prove  t h a t  t he  use  o f  Gauss i an  e l i m i n a t i o n  w i th  row p i v o t i n g  f o r  t h i s  example 

s a t i s f i e s  t h e  c o n d i t i o n s  d) and e) o f  theorem I I I . 9 . 5 .  So we can expec t  to  g e t  a r e a -  

s o n ab l e  a p p r o x i m a t i o n  of  t he  s o l u t i o n  of  F ( x , y ; d )  = 0 u s i n g  t h e  n u m e r i c a l l y  s t a b l e  

i t e r a t i v e  method ( I I I . 9 . 4 ) ;  t he  n u m e r i c a l  r e s u l t s  i l l u s t r a t e  t h i s .  Let us  a t  t h e  same 

t ime f o l l o w  t h e  l o s s  o f  s i g n i f i c a n t  d i g i t s  in  t he  r o o t  x* as t h e  problem becomes 

w o r s e - c o n d i t i o n e d .  The c a l c u l a t i o n s  a r e  pe r fo rmed  in  double  p r e c i s i o n  ( t=56) .  We so lve  

t h e  n o n l i n e a r  sys tem F ( x , y ; d )  = O f o r  d = e x p ( l o - k ) ,  k = O , . . . , 1 6 .  The r o o t  x* = ( - l o - k , o ) .  

In t a b l e  I I I . 9 . 1  we g i v e  f o r  each  d t h e  6 t h  i t e r a t i o n s t e p  (x6,Y 6) in  t he  p r o c e d u r e  

( t l i . 9 . 4 )  s t a r t i n g  from (Xo,Yo) = ( 2 , 2 ) ,  t he  number l o f  s i g n i f i c a n t  d i g i t s  in  x6, and 

t h e  c o n d i t i o n - n u m b e r  cond (F ; exp(10  -k)  ) .  

It is also important to know that the iterative procedure stops at the 6 th iteration- 

step, except for k=7, 13 and 14 where respectively 1=11, 5 and 3 in the last iteration- 

step (x7,Y7). We have used the stop-criterion 

mx(Ixi+l  - x i l ,  lYi÷l - Yi !) -< lO-ls max(lxi+ll '  lYi*ll)" 

We remark that the algorithm even behaves considerably well for a condition-m~aber 

of the order of 10 3 or 10 4 . 
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k 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

x6 Y6 

-0.1 (01)  

-o.  1 ( o o )  

- 0 . 1 ~ 1 ( - 0 1 )  

-0.0999999999999997(-02) 

-0.0999999999999844(-03) 

-0.0999999999997470(-04) 

-0.0999999999986935(-05) 

- 0 . 1 ~ 1 7 4 5 9 9 ( - 0 6 )  

-0.1000000000015281(-07) 

-0.1000000007452433(-08) 

-0.0999999914314586(-09) 

-0.1000000261210709(-10) 

-0.0999980430668081(-11) 

-0.0999761308551817(-12) 

-0.1000372750236664(-13) 

-0.09631082396529!2(-14) 

-0.0868560967896870(-15) 

0,3597855161523896(-18) 

-0.2376055789464463(-17) 

-0.6397150159689099(-17) 

0.5077502606368951(-17) 

0.3913464269882279(-17) 

-0.3905797959965137(-17) 

0.5633677343553680(-17) 

-0.1058449777227516(-16) 

0.4124494865312562(-17) 

-0.2449359520991520(-17) 

0.4265833288825851(-17) 

-0.6446772724219823(-17) 

0.3302303528672576(-17) 

0.1322187990417560(-16) 

-0.1182870095748150(-16) 

0.1398012990192197(-17) 

0.3349523961106902(-17) 

l 

16 

16 

15 

15 

13 

12 

11 

10 

11 

9 

8 

7 

5 

4 

4 

2 

I 

cond(F;e 10-k) 

d~ 

10v~ 
i02~/~ 

I04W'Z 

io%'T 
lO6~JT 

lO8.~ 
lO9~J~ 
lolov7 
io11~ 

lo13~/7 
1014d~ 

I015W7 
i016-d7 

Table III.9.1. 
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