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The use of Pad~-approximants for  the solut ion of mathematical problems in science 

has great development. Pad~-approximants have proved to be very useful in numerical 

analysis too : the solut ion of a nonlinear equation, accelerat ion of convergence, 

numerical in tegrat ion by using nonlinear techniques, the so lu t ion of ordinary and 

par t ia l  d i f f e r e n t i a l  equations. Especial ly in the presence of s i ngu la r i t i e s  the use 

of Pad~-approximants has been very in te res t ing .  

Yet we have t r ied  to generalize the concept of Pad~-approximant to operator theory, 
. 

departing from "power-series-expansions" as is done in the c lassical  theory . 

A l o t  of in te res t ing  propert ies of c lassical  Pad~-approximants remain va l id  and the 

c lassical  Pad~-approximant is now a special case of the theory. The notion of 

abstract Pad~-table is introduced; i t  also consists of squares of equal elements as 

in the c lassical  theory. 

Roman f igures between brackets refer  to a work in the re fe rence- l i s t .  
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O. NOTATIONS 

R + 
0 

X,Y 

L(X,Y) 

L(xk,y) 

A 

~# ~ , , .  

0 

I 

1 

F,G,.. 

g(xo,r)  

~(Xo,r) 
P,Q,R,S,T,.. 

BP,BQ,.. 

F(k)(xo) 

D(G) 

Ai,Bj,Ck,D s 

{posi t ive real numbers} 

always normed vectorspaces or Banach-spaces or Banach-algebras with 

uni t  

{ l inear  bounded operators L : X~Y} 

{k - l inear  bounded operators L :X~L (xk - I ,Y ) }  

f i e l d  R or C 

elements of A 

unit  for  addit ion in a Banach-space, or mu l t i l i near  operator 

L~L(xk,y)  such that L X l . . . x  k:O V ( X l  . . . .  Xk)~X k 

uni t  for mul t ip l i ca t ion  in a Banach-algebra 

uni t  for mu l t ip l i ca t ion  in A 

non-l inear operators : X~Y 

open bal l  with centre x EX and radius r > o  
0 

closed bal l  with centre x oEX and radius r > o  

non-linear operators : X~Y, usually abstract polynomials 

exact degree of the abstract polynomial P,Q,.. 

k th Fr~chet-derivat ive of the operator F : X~Y in x o 

{x~X]G(x) is regular in Y} for  the operator G :X~Y (=Banach-algebra) 

i - l i n e a r ,  j - l i n e a r ,  k - l inear ,  s - l inear  operators 

1. INTRODUCTION 

A lo t  of attempts have been made to generalize in some way classical  Pad~-approxi- 

mants. We refer  e.g. to quadratic Pad~-approximants (X,XV), Chebyshev-Pad~ or 
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Legendre-Pad~ (VI I ) ,  operator Pad~-approximants for formal power series in a para- 

meter with non-commuting elements of a certain algebra as coeff icients (VI), N- 

variable rat ional approximants (V I I I ,  IX, XI, XI I ,  X I I I ,  XIV), 

Another genralisation now is the following one. 

Let X and Y be Banach-spaces (same f ie ld  A). We always work in the norm-topology. 

We define L(xk,y) ={LIL is a k- l inear bounded operator, L :X~L(xk - I ,Y ) }  and 

L(X°,Y) =Y. So LXl . . .x  k= (Lx l ) ( x2 . . xk )EY  with x I . . . .  x kEx and Lx IEL(Xk- I ,Y)  

(V pp. 100),L~L(xk,y) is called symmetric i f  LXl..X k=Lx i l . . x l k .  , V(X l , . . ,Xk)~X k 

and V permutations (i I . . . .  ik) of (1 ..... k) (V pp. 103). 

I We remark that the operator TEL(xk,y)  defined by~Xl.. .x k =~-F! ( i  I .... , ik)  L X i l " X i  k 

for a given LEL(xk,y)  is symmetric. 

Let us ident i fy  yEY with the constant operator X~Y : x ~ y  and call  i t  o- l inear.  

Def ini t ion 1.1. : An abstract polynomial is a non-linear operator P :X~Y such that 

x n+ +A EY with I Ai EL(Xi 'Y) P(x) =A n "" o 

A i symmetric 

The degree of P(x) is n. 

The notation for the exact degree of P(x) is ~P. 

Defini t ion 1.2. : Let X be a Banach-space, Y a Banach-algebra; le t  F :X~Y and 

G : X~Y be operators. 

The product F.G is defined by : (F.G)(x) =F(x).G(x) in Y. 

Defini t ion 1.3. : Let X 1 ..... Xp, Z 1 ..... Zq be vector spaces and Y an algebra (same 

f ie ld  A). Let F :XlX...xX p~Y be bounded and p- l inear,  and 

G : ZlX..XZq~Y be bounded and q- l inear.  

The tensorproduct F®G :XlX...XXpXZlX..XZq~Y is bounded and (p+q)- 

l inear when defined by (F®G)Xl..XpZl..Z q =FXl...Xp.GZl..Z q 

(I lpp.318). 
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One can easi ly  prove that in a Banach-algebra Y : 

(F.G)'(Xo) : F'(Xo) ®G(x o) + F(x o) ®G'(x o) , 

where the accent stands for Fr~chet-differentiation. 

We call y~Y regular i f  there exists y - ley  such that : y.y-1 

we call yc y singular i f  i t  is not regular. 

-1 = I =y .y; 

Def in i t ion 1.4. : Let G :X~Y with X a Banach-space and Y a Banach-algebra; 

D(G) : { xeX ]G(x )  is regular in Y} is an open set in X ( I I I  pp.31). 

The operator ~ is defined by ~ : D ( G ) c X ~ Y : x ~  [G(x)] - I  

One can easi ly  prove that in a commutative Banach-algebra Y : 

, , ~ ( X o ) ) 2  (~) (Xo) =-G (Xo)®( 

Let again X and Y both be Banach-spaces. 

We note the fact  that F(k)(xo),  the k th der ivat ive of an operator F : X ~ Y  in x o, 

is a symmetric k- l inear operator (V pp. i i 0 ) .  

Abstract polynomials are d i f fe ren t ia ted  as in elementary calculus : 

x n + +A with A i e  L(x i ,y )  and A i symmetric, then i f  P(x) :A n "" o 

P' (Xo) =n.AnX~ -1 + .. +Ale L(X,Y ) 

P(2) (Xo) : n. (n-1).AnX~-2 + ... + 2A2e L(X2,y) 

P(n)(xo) : n .  AnEL(Xn,y) 

We now can easi ly  prove the fact  that i f  for  an abstract polynomial 
n 

P(x) = s Cixl with C iEL(X i ,Y )  and C i symmetric:P(x) : 0  VxEX, then C i~O 
i=o 

Vie {o . . . .  n}. 

Let B(xo,r ) ={xeXlnx o-xn<r}  for reR~ and x oeX. 
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Defini t ion 1.5. : The operator F : X~Y possesses an abstract Taylor-series in x o i f  

3B(xo,r ) with r>o  : 

F(x o+h) = ~ 1 .F( h k k=o ~ k)(x°) for x o + h • B(xo,r ). 

We then call F abstract analyt ic in x o (V pp. 113). 

2. DEFINITION OF ABSTRACT PADE-APPROXIMANT 

To generalize the notion of Pad~-approximant we star t  from ana ly t ic i ty ,  as in 

elementary calculus. 

Let F : X~Y be a non-linear operator, X a Banach-space and Y a Banach-algebra. 

F be analyt ic in B(xo,r ) with r > o .  

So F has the following abstract Taylor-series : 

1 F(k)(xo ) x k F(x o + x) = Z 
k=o 

with ~ !  F(°)(Xo)X ° :F(Xo) 

and F(k)(xo) eL(xk,y) 

We give some examples of such series : 

a) C( [o , i ] )  with the supremum-norm and ( f .g) (x)  : f ( x ) . g ( x )  for f , g e C ( [ o , l ] ) ,  is 

a commutative Banach-algebra. Consider the Nemyckii-operator G : C( [o,i] ) 

C( [o , l ] )  :x -~g(s ,x(s) )  with geC(~) ( [o , l ]  xC ( [ o , l ] ) )  (V pp. 95). 

Let I x :C([o,l]) ~C([o,l]) :x~x. 

Then clear ly G(n)(xo) =~ng (S'Xo(S)) I x ® . .  ®I x , n- l inear and bounded. 
~ X  n " ~ _ _ _  

n times 

b) Consider the Urysohn integral operator U : C ( [ o , l ] ) ~ C ( [ o , l ] )  : 

x-*I~ f ( s , t , x ( t ) ) d t  with f eC(~ ) ( [ o , l ]  x [o,I] xC([o,Z]) )  (V pp. 97). 

L e t [ ]  indicate a place-holder for x( t )  EC( [o , l ] )  (V pp. 90). 

u(n)(xo) 1 __~nf ( s ' t ' X o ( t ) ) [  ] . . . [  ] dt Then we write : I o  ~x n 

n times 

Let 

(i) 
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c) Consider the operator P :C ' ( [ o ,T ] ) - *C( [o ,T ] )  : y ~ t t - f ( t , y )  in the i n i t i a l  

value problem P(y) :0  with y(o) =a~R. 

Let f~C(~) ( [o ,T ]  xC ' ( [ o ,T ] ) )  and ly : C ' ( [ o , T ] ) ~ C ( [ o , T ] )  : y - *y .  

We remark that c ( i ) ( [ o ,T ] )  with the supremum-norm is a Banach space. 

d ~f ( t ,~)  We see that P'(yo) = ~ -  @y ( t ,Yo) . l y  and 

P(n)(yo) =-Bnf ( t 'Y)  (t,Yo) . I ®..  ®I for  n~>2. 
~yn 

n times 

d) Fina l ly  l e t  this nonlinear system of 2 real variables F(~#) =(~ + s i n ( ~ # ) + I )  
2 +#2 _ 4~# 

be given; le t  x o = ( ° ) .  ]R 2with component-wisemult ip l icat ionisa Banach-algebra 

Then F(x)= (io) + (~o) + (~# ) + 
~2+#2 -4~# k=l 

Def in i t ion  2•1. : Let F :X~Y be an operator with X and Y Banach-spaces. 

We say that F(x) =O(x j) i f  3J~R o, 

3B(O,r) with o < r < l :  Vx~B(O,r) : IF(x) l l  ~<J.Nxll j ( j ~N )  

Now le t  x o =0 without loss of general i ty ,  and le t  Y be a commutative Banach-algebra. 

In Y we can use the fact  that for  y ,zEY : y . z  regular ly  regular and z regular. 

Def in i t ion  2.2. : In Pad~-approximation we t ry  to f ind a couple of abstract poly- 

nomials (P(x),Q(x)) =(An.m+ n x n'm+n+.. +An. m x n'm, 

x n.m+m + + x n'm) 
Bn.m+ m ... Bn. m 

such that the abstract power series 

F(X) (Bn.m+ m x n'm+m+.. +B x n'm) x n'm+n x n'm) : • n.m -(An.m+n + "" +An.m 

o(xn.m+n+m+l). 

(In 5. f )  we j u s t i f y  the choice of (P(x), Q(x)) made here)• 
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I . F ( k )  Write-ET (0) =CkEL(xk ,y ) .  

The condi t ion in d e f i n i t i o n  2.2 is equivalent  wi th ( la)  and ( lb )  : 

f x n'm=An, x n'm Vx~X ( la)  Co.Bn. m m 

xn.m n.m+l xn.m+l 
C1X.Bn. m + Co. Bn.m+ I x =An.m+ I Vx ~X 

Cn xn. Bn.m xn.m + xn-1.B n.m+l n.m+n Cn-I n.m+1 x + ... +Co.Bn.m+ n x = 

A x n'm+n VxE X 
n.m+n 

with Bj~O~L(XJ,Y) if j>n.m+m 

( ib )  I Cn+ I xn+l.Bn.m 

I Cn+ m xn+m.Bn.m 

x n+l-m B x n'm+m =0 xn'm + "" + Cn+l-m " n.m+m 

n .m  x n " xn ,m+m x + . .  +C n Bn.m+ m =0 VxEX 

VxeX 

with C k~OEL(Xk,Y)  i f  k < o. 

xn.m+J I For every so lu t ion {Bn.m+ j j =o . . . .  m} of ( I b ) ,  a so lu t ion 

xn.m+i {An,m+ i l i  =o . . . .  n} of  ( la)  can be computed. 

3. EXISTENCE OF A SOLUTION 

a) case : m=o 

Choose Bn. m=B o : I ,  un i t  fo r  the mu l t i p l i ca t i on  in Y. 

Then A i =C i fo r  i =o . . . .  n are a so lu t ion of ( l a ) .  

The par t ia l  sums of (1) are the sought abst rac t  polynomials. 

b) case : m#o 
m m m 

Compute Dn.m = z ..  z [E i im ® C n _ ( j _ l ) + ( i j _ l ) ]  
i l = l  im=l 1"" j : l  
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with i I ..... i mc{1 , . . ,m} ,  and ~11...i m .  =+1 when i l . . . i  m is an even permutation of 

1...m, and E11..im. = - I  when i l . . i m  is an odd permutation of l...m, and ~ i l . . . im=°  

elsewhere. 

Compute for  h = l  ..... m:Dn.m+ h by replacing in Dn. m the operator Cn_(h_l)+(ih_l) 

by the operator - Cn+l+(ih_l).  

Clearly Dn.m+ hEL(Xn'm+h,Y) for h=o ..... m. 

Now Dn.m+ h x n'm+h is a solution of system ( Ib) ;  and Dn.m+ h x n'm+h =~n.m+h xn'm+h 

We thus can consider a sJnnmetric solut ion, also for ( la) .  

This is a correct procedure to calculate a solut ion. But in some cases i t  can be 

more pract ical  to solve the system otherwise, e.g. to get the most general form 

of the solut ion. 

4. UNICITY OF A SOLUTION 

From now on F :X~Y is a nonlinear operator with X a Banach-space and Y a commutative 

Banach-algebra such that for each polynomial T :X~Y with D(T) #~, the set D(T) is 

dense in X (or any other equivalent condit ion).  

m Jl Jp 
This is the case e.g. for F :R p~Rq; i f  T(x) =( s ~. .  . 

m j l + . . + j p = O  131.-jp.X1 ..Xp , i =I  . . . .  q)~ 

D(T) #~, the set X\ O { ( x  I . . . .  Xp) ~RPl z ~. .  ~ J 
i= l  j l+. . .+ jp = o I J l " J p  x i l ' "xPP o} is dense in 

X with the norm-topology. We then have the fol lowing important lemma. 

Lemma 4.1. : Let U,T be abstract polynomials : X~Y 

U(x).T(x) =0 VxEX 1 
U ~0 

{xEXIT(x)  regular} is dense in X 

After  calculat ing the solut ion of ( la) and ( lb) we are going to look for  an i r redu- 

c ib le rat ional approximant. 
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1 
Definition 4.1. : Let P and Q be 2 abstract polynomials. We call ~ .  P reducible i f  

there exist abstract polynomials T,R,S such that P=T.R=R.T and 

Q=T.S:S.T and ~T>I, DR>o, ~$9o. 

~ .  P we know that VxED(Q): (~._ P ) ( x ) :  (~.  R)(x). For reducible 

I t  is possible that is defined on a greater domain than 

Lemma 4.2. : Let P,Q,R be abstract polynomials : X~Y 

For R:P.Q : ID(R) =D(P) nD(Q) 
I 
tD(R)=¢ ~ D(P) :¢ or D(Q):¢ 

Proof : R(x) regular~P(x) regular and Q(x) regular 

so D(R)=D(P)nD(Q) 

We know that D(P) is open (and so is D(Q)) 

D(Q) is dense in X i f  D(Q) #@ (and so is D(P)) 

I f  D(P) =@ or D(Q) :@ then evidently D(R) :~.  

The second implication is proved by contraposition. 

I f  D(R) :¢ and 3xED(P) then~r o>o : B(x ,ro) CD(P). 

Now VxEX, V r>o :B(x , r )  nD(Q) #¢. 

And so ¢ #B(x,ro)riD(Q) ~D(P)nD(Q). 

This implies a contradiction. 

Definition 4.2. : Let (P,Q) be a couple of abstract polynomials satisfying definition 

2.2 and suppose D(Q) #¢ or D(P) #¢. Possibly~.P is reducible. 

Let ~,.P, be the irreducible form of ~ . P  such that OED(Q,)and 

and Q,(O)=I ,  i f  i t  exists. We then call ~ .  P, an abstract Pad~- 

approximant of order (n,m) for F. 

That irreducible f o rm~ .P ,  with Q,(O) : I is unique because i f  P =P,I.T1 =P,2.T2 
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I and i and Q=Q,I.TI=O~2.T 2 with ~-T.P,1 ~22"P'2 irreducible, Q,I(O)=I =Q,2(O), 

D(T1) #@ and D(T2) #@, then P,I.Q,2=P,2.Q,I because of lemma 4.1 and so we can 

prove that 3polynomial R ]- P*I =R'P*2' what contradicts the irreducible character 

I Q*I = R'Q*2 

kR(O) : I 

° f  1-~--'P'1~'1 unless DR=o. 

Call n' the exact degree of P, and m' the exact degree of Q,. 

When (P(x) =P,(x).T(x), Q(x) =Q,(x).T(x)) is a solution of (la) and (Ib) and -~.P, 

is an abstract Pad~-approximant of order (n,m) for F, then aT>n.m and n'<n and 

m' ~m. 

We have the following theorem concerning the solutions of (la) and (lb). 

Theorem 4.1 : I f  the couples (P,Q) and (R,S) of abstract polynomials both 

satisfy (la) and (lb), then P.S=R.Q; in other words : 

VxEX :P(x).S(x) :R(x).Q(x). 

Proof : Regard P(x).S(x)-R(x).Q(x) = 

[F(x).S(x)-R(x)].Q(x)-[F(x).Q(x)-P(x)].S(x) 

Now (F.Q-P)(x) =O(x n'm+n+m+l) 

(F.S-R)(x) = O(x n'm+n+m+l) 

But (P.S-R.Q)(x) is an abstract polynomial of degree at most 2n.m+n+m, 

while [(F.S-R).Q-(F.Q-P).S](x) =O(x 2n'm+n+m+1) 

So (P.S-R.Q)(x)=O VxEX. 

This theorem implies that (~.P)(x) =(~.R)(x) VxED(Q) nD(S). 

I f  D(Q.S) #@ then D(Q.S) is dense in X. 

~.P and~.R are reducible. I f  P=P,.T, Q=Q,.T, R=R,.U, S=S,.U Possibly with 
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D(T) #6 and D(U) #0, then : 

P .S:R.Q:P. .S .  :R..O~ because of lemma 4.1. 

We then know that ( ~ . P . ) ( x )  =(~- . .R. ) (x )  Vx~D(Q.)r~D(S.); i f  D(Q..S.) ~¢ then 

D(Q..S.) is dense in X. 

We can define an equivalence relat ion . . . - . . .  in 

A={(P,Q)I(P,Q ) sat is f ies def in i t ion 2.2 and (D(P)#¢ or D(Q)#~)}u  

{ (P . ,Q. ) I (P=P. .T ,  Q=Q..T) sat is f ies def in i t ion 2.2 and (D(P) #¢ or D(Q) #~) 

and ~ . P .  is i r reducible} where P.,Q.,T,P,Q are abstract polynomials, by 

(P,Q)~(R,S)~P(x).S(x)  =R(x).Q(x) ¥x~X. 

I f  there exists a solution (P,Q)EA such that 0 ( 0 ) = I ,  then for al l  equivalent 

solutions (R,S)~A :O~D(S.) because P.S. =R.Q. implies : 3polynomial VDIR . =VP. , 
1 

I S.  = vq. 

~v(o) :s(0)  
i what contradicts the irreducible character of s~ * .R. unless ~V =o and so IR. =S(O).P.; 

s. s(o).o~ 

i f  now S(O) were not regular then (R,S) were no element of A. 

I f  S . (O)=I  =Q.(O) then P. .S . :R. .Q.  implies that ] polynomial V DIP * =V.R. 
I 

I o~ : v .  s .  

kV(O) : I 

In other words : for ~**.R. irreducible we have ~V =o and so .P and .R supply 

the same abstract Pad6-approximant of order (n,m) for F when (P,Q) and (R,S) both 

sat is fy  (la) and ( ib) .  

We call  ~ . P .  sat isfying def in i t ion 4.2 the abstrac.t Pad~-approximant (APA) of 

order In,m) for F. 
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Definition 4.3. : I f  for all the solutions (P,Q) of (la) and (Ib) with D(P) # ~or 

D(Q) #~ the irreducible form ~--.P, (representant of the equivalence 

relation-class) is such that D(Q,) ~0, then we call ~ . P ,  the 

abstract rational approximant (ARA) of order (n,m) for F. 

(We do come back on abstract rational approximants in 5.f). 

We remark that, although F(O) :C o is defined, ( .P)(O) =~ is always undefined for 

(P,Q) satisfying definition 2.2 with n>o and m>o, since 0 is always singular in Y. 

I f  for all the solutions (P,Q) of (la) and (lb) :04D(0~) or D(Q) =¢:D(P), we shall 

call the abstract Pad~-approximant undefined. 

I f  for the ARA D(Q,) =~ then for all solutions (R,S) of (la) and (lb) : D(S,) =~ 

because D(P,)nD(S,) =D(R,)nD(Q,) =@ and D(P) #~; the ARA is in fact useless then. 

An example wi l l  prove that i t  is very well possible that for an operator F :X~Y, 

the (n,m) Pad~-approximant is defined, while the ( l ,k) Pad~-approximant is undefined 

for l #n or k #m. 

Consider the operator F(~) :,~2+n2_4~,~+sin(~n)+1~, =(~) +(~) +( 2+n2_4~n ) ~ n  +.. 

Then : (1,1)-APA is , P,(x) =P,(n) = (o 
o 

D(O~) :R2\ {(~,1)I~ ER} 

(2'I)'APA is I1+~+~n )P*(x)=C°+C1x+C2x2$2+n2_4~ 

(I,2)-APA is undefined. 

0~(x)  : I 

D(O~) =R 2 

The next theorem is a summary of the previous results. 



73 

Theorem 4.2. : For every non-negative value of n and m, the systems ( la) and 

(Ib) are solvable; i f  the abstract Pad6-approximant of order 

(n,m) for  F :X~Y is defined, i t  is unique. 

i For the (n,m)-APA~-, .P, we know that P, and Q, are abstract 

polynomials, respect ively of degree at most n and at most m. 

Proof : Evident. 

From now on, when mentioning abstract Pad6-approximants, we consider only the abstract 

Pad6-approximants that are not undefined. Let (P,Q) be a solution of ( la)  and ( lb ) .  

Because of de f in i t ion  4.2 i t  is very well possible that (P,,Q,) i t s e l f  does not 

sa t i s fy  de f in i t i on  2.2. 

Theorem 4.3. : 
1 

L e t ~ . P ,  be the abstract Pad6-approximant of order (n,m) for F. 

Then ~s :o<s<min (n -n ' ,m-m ' ) ,  ~an abstract polynomial 

n.m+s 
T(x)= z T k x k, Tn.m+ s~O, D(T) #¢:>(P,.T,Q,.T) sa t is f ies  

k=n.m 

def in i t ion  2.2 ; ~(P,.T) :n.m+n'+s and ~(Q,.T) =n.m+m'+s. 

xn.m+r xn.m+r+l xn.m+s 
I f  then T(x) =Tn.m+ r +Tn.m+r+ I + .. + Tn.m+ s 

with D(Tn.m+r) #@, also (P,.Tn.m+r,Q,.Tn.m+r) sa t is f ies  de f in i t ion  

2.2 and o<r<s<min (n -n ' ,m-m ' ) .  

Proof : Because of theorem 4.2 we may consider abstract polynomials P and Q that 

sa t i s fy  ( la)  and ( ib) and supply P, and 0~. Because of de f in i t i on  4.2, 

there exists an abstract polynomial T such that : P=P,.T and Q=Q,.T and 

@T~n.m. Because of lemma 4.2 D(T) #¢ (otherwise D(P) =@ =D(Q)). 
n. m+n . n. m+m . 

Let n' :~P,,m' =~Q,, P= z A.x I ,  Q= z Bjx j .  
i=n.m 1 j:n.m 
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n.m+s 
×k with ~T = n.m+s 

Consequently T(X)=k=n.mS T k I 
n.m+n'+s ~n.m+n 

n.m+m'+s ~n.m+m 

s > 0 

and so o <s <min(n-n',m-m'). 

F(x).Q(x)-P(x) =m(x).EF(x).Q,(x)-P,(x)] =O(x n'm+n+m+l) 

x n'm+r+ with T L(xn'm+r,Y), D(Tn.m+r) #¢, Because T(x) =Tn.m+ r "'" n.m+r ~ 

x n'm+r [F(x).Q,(x)-P,(x)]  :o(xn'm+n+m+l). we have that Tn.m+ r 

5. REMARKS AND SPECIAL CASES 

a) When X =R =Y (A=R), then the def in i t ion of abstract Pad~-approximant is precisely 

the classical def in i t ion• F is now a real-valued function f of 1 real variable, 

with a Taylor-series development s Ck.xk with c k = l f ( k ) ( o ) "  
k=o 

The k- l inear operators CkeL(xk,y ) are : 

Ckxk=ck.x...x.}~ R with c kcR 
k 

The j - l i nea r  functions Bjx j =bi.xtx_t?_x~__ R, b i ~R ,  j =n,m,..,n.m+m and such that : 

J 

I Cn+1.bn.m + ... +Cn+l_m.bn.m+ m = 

Cn+m.bn. m + ... + Cn.bn.m+ m = o 

are a solution of ( lb) .  

The i - l inear  functions Aixl =a..x.. .x~R, a i ~R, i =n.m ..... n.m+n such that : 
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f 

Co.bn, m =an. m 

Cl.bn. m + Co,bn.m+ 1 = an.m+ I 

Cn.bn. m + ... +Co.hn.m+ n = an.m+ n 

are a so lu t ion of ( l a ) .  

The i r reduc ib le  form 1 i I n.m+n 
P, of (~ .P) (x) : -n .m+m .(  ~ a i x i ) ,  such 

z bjx j ) i=n.m ( 
j = n  .m 

1 n xi m that  Q , ( o ) = i ,  is the i r reduc ib le  form ~F~-," P, of ( z ai+n. m ) / (  z 
i =o j =o 

such that  Q, (o )=1 .  

bj+n. m xJ) ,  

b) When we ca lcu la te  the abstract  Pad~-approximant of order (n,o) we f ind the n 

pa r t i a l  sum of the abstract  Taylor ser ies.  

For i f  Bn. m = l  then A ix l  =Cix l  , i =o . . . .  n is a so lu t ion of system ( l a ) .  

This resu l t  has also been found in the c lass ica l  theory. 

th 

c) To f ind equivalent  formulat ions of the problem of Pad~-approximating, we con- 

s ider a couple of abstract  polynomials (P,Q) sa t i s f y ing  d e f i n i t i o n  2.2. We 

then know that  (F.Q-P)(x) =o(xn'm+n+m+l). 

The systems ( la )  and ( ib)  are completely equivalent  with : 

(F .Q-P)( i ) (o)  x i : 0  Vx~× and i =o . . . .  n.m+n+m, 

because c l ea r l y  (F.Q-P) ( i )  (O)~O~L(× i ,Y )  for  i =o . . . .  n.m-I and 

(F .Q-P)( i ) (o)  x i =0 VxEX, i :n.m . . . .  n.m+n is system ( la )  and (F.Q-P)( i ) (o)  x i =0 

Vx~X, i =n.m+n+l . . . .  n.m+n+m is  prec ise ly  system ( i b ) .  

d) I f  X =R p and Y =R (A=R),  then F is  a rea l -va lued funct ion of p real  var iab les .  
i 

Now L ( x i , y )  is  isomorphic with R p . Consequently fo r  (P(x) ,Q(x i )  sa t i s f y ing  
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d e f i n i t i o n  2.2 the operator (~ .  P)(x) has the fo l lowing form : 

n.m+n J l  Jp 

J l  + ' "  +Jp =n'm ~J l " ' Jp  x I ..Xp 

s n'm+m J l  Jp 

J l + ' -  + j p = n ' m  ~J l ' " Jp  x I ..Xp 

This form agrees with the form proposed by J. Karlsson and H. Wall in : 

Jl Jp 
Z n ~j • x I .,Xp 

l.-.Jp 
Jl  + "" +Jp = o 

sm J'l' Jp 
J l  + ' "  +Jp =°  ~J l " "Jp x l  ...Xp 

i f  n=o  or m : o  ( I I I ) .  

Let p = 2. 

To ca lcu la te  the abstract  Pad~-approximant we have to ca lcu la te  the 

(n.m+ll+.,.+(n.m+n+l)+(n.m+l)+...+(r.m+m+1) real coe f f i c i en t s  . and 
~Jl,. .Jp 

BJl...Jp 

Now (n.m+l)+...+(n.m+n+l)+(n.m+l)+...+(n.m+m+Z) = n.m.(n+m+2) + (n+l)(n+2) 
2 + 

+ (m+l)(m+2) 
2 

The formulat ion in c) suppl ies us a~ amount of condi t ions on the der iva t i ves  of  

(F.Q-P) : 
n.m+n+m p+ i - I  

in a l l  s ( i ) condi t ions.  
i=n.m 

For p=2  these are (n.m+l)+,..+(n.m+n+m+l) condi t ions.  

I f  we use the extra condi t ion of d e f i n i t i o n  4.2,  we have in a l l  n,m.(n+m+l) + 

+ (n+m+llIn+m+2) +1 condi t ions j us t  enough to ca lcu la te  the ~ j l J2  and ~ j l j  2. 
2 
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The extra condition is : o-linear term in O~(x) is I. 

e) I f  X =R p and Y =R q CA=R), then F is a system of q real-valued functions in p 

real variables. 
k 

Now L(X,Y) is isomorphic with R qxp and L(xk,y) isomorphic with R qxp while an 

element of R qxpk is represented by a row of pk-1 matrices (blocks), each con- 

taining q rows and p columns; 

L = ( C i l . . i k + l  )EL (Xk ,Y )~  i I is the row-index in the block 

i 2 . . i  k is the number of the block (the most r i gh t  

index grows the fas tes t )  

ik+ I is the column-index in the block. 

So L =(ci11._llik+llCi11..12ik+lI..lCill..lpik+llCill..121ik+1I..IcilP..Pik+1 ) 
The abstract polynomials (P(x),Q(x)) satisfying definit ion 2.2 now have for 

each of the q components the form of the abstract polynomials of p real varia- 

bles mentioned in d). 

f)  When we would t ry,  in order to calculate the (n,m)-APA, to find a couple of 

abstract polynomials (Anxn+.. +Ao,Bm xm+..+Bo) such that : 

F(x).(Bm xm + ... +Bo) - (Anxn + .. +Ao) = 0(x n+m+l) (2) 

x n'm, B xn.m+m+ n.m instead of (An.m+nxn'm+n + +An. m ~.m+m . . . .  +Bn.mX ) such that:  

. nm. ^,  n m+n+m+l, F(x).(Bn.m+mxn'm+m + ' "  +Bn.mxn'm)-(An.m+nxn'm+n + ' "  +~n.m x " )=u~x " ) (3) 

we would remark that  th is  problem is not always solvable (except with Qm0mP). 

again the example F ( ~ ) : I  ~+sin(~n)+l~ : ( 1 )  (~)+ Consider 
J u + u (~2+~2_4~n) + "" '~ 2+n2-4~ q 
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and take n=l and m=2. 

The system ~ Co.B o =A ° Vx E X, has only the solution Q~O~P, and 

thus is rot solvable such that 

. P is somewhere defined CIX.Bo+Co.BI x ~AIx 

C2x2.Bo+ClX.B1X+Co. B2x~O(for n =1, m=3 this is the case for the 

f i r s t  component of the solutionl, 

C3x3.Bo+C2x2.81 x + ClXoB2X2= 0 

while (3) is very well  solvable, but the solut ion (P,Q) is such that the i r r e -  

ducible form of ( . P ) ( x )  is undefined in ( ) .  ~-~+~ -2~  

So via (3) we f ind an abstract rat ional  operator (~ P)(x) • : that 

is useful in points in the v i c i n i t y  of (~). 

In other words : (2) does not provide us any solut ion at a l l  (except Q~O~P) 

(3) does provide an ARA but no APA . 

What's more : the s i tua t ion  cannot occur where (2) supplies us the (n,m)-APA 

whi le (3) does nct,  because for  every so lut ion (P,Q) of the 

systems resu l t ing  from (2) such that Q,(O)=l and for  every 

LE L(xn'm,y) : 

(L.P,L.Q) is a solut ion of ( la)  and (Ib) 

I ~,. ~ is the (n,m)-APA 

And we have to look fo r  an i r reduc ib le  form anyhow. 

6. COVARIANCE-PROPERTIES OF ABSTRACT PADE-APPROXI~ANTS 

The f i r s t  property we are going to prove is the reciprocal covariance of abstract 

Pad6-approximants. 
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Theorem 6.1. : Suppose F(O) is regular in Y and F is continuous in 0 

and ~.P is the abstract Pad~-approximant of order (n,m) 

for F, then ~.Q is the abstract Pad~-approximant of 
1 order (m,n) for F" 

Proof : Since {YEYIY is regular} is an open set in Y, there exists B(F(O),r2) 

with r2>o such that VyEB(F(O),r2) :y is regular. Since F is continuous 

in O, there exists B(O,rl) with r1>o such that VxEB(O,rl) :F(x) is 

regular. So~ is defined in B(O,rl). We speak about~.P and~.Q too 

only on the set of points on which those operators are defined. 

P(O) =Co=F(O ) is regular~ 3B(O,r) :VxEB(O,r) : P(x) is regular. 

So--~ exists in B(O,r). 

Let n' =BP and m' =BQ. 
n.m+s 

3sEN, o~<s~<min(n-n',m-m'),3polynomial T(x)= z TkXk, D(T) ~ > 
k=n.m 

(Pl(X) =P(x).T(x), Q1(x)=Q(x).T(x))satisfies definition 2.2 for F. 

[(F.Q-P) .l] (x) = (F.QI-PI)(X) =O(x n'm+n+m+l) 

(~.Pl-Ql)(X) =O(x n'm+n+m+1) since ~(0) =Coi¢0 in the abstract Taylor 

1 series for ~ . 
n.m+s 

So3sEN, o<s<min(n-n',m-m'), 3 polynomial T(x)= z Tk xk, D(T)#¢~ 
k=n .m 

1 (Ql(X) =Q(x).T(x), Pl(X)=P(x).T(x))satisfies definition 2.2 for 7" 

1 I The irreducible form of ~11"QI is ~.O (D(PI) ~ or D(QI)¢~). 

If we want the o-linear term in the denominator to be I, then 
1 (p(x).Col). (O(x).Col) is the abstract Pad~-approximant of order (m,n) for~. 
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Theorem 6.2. : Suppose a,b,c,dEY, c.F(O)+d is regular in Y, a.d-b.c is 
i regular in Y, ~ . P  is the (n,n)-APA for F and D(c.P+d.Q) # 

I . (a.~.P+b) is the or D(a.P+b.Q) #¢, then (c.~.1 P+d) 

(n,n)-APA for I . (a.F+b). 
(c.F+d) 

Proof : I P)(O)+d is regular since F (O) : (~  P)(O). c.F(O)+d is regular ~ c . (~ .  

So 3B(O,r) : ~ is defined in B(O,r) 

I . (a.~.P+b) is defined in B(O,r) 
(c .~.  P+d) 

I_~I__._ (a.F+b) is defined in B(O,r). 
(c.F+d) 

Let n' =BP and n"=@Q . 
n2+s 

3sEN :o<s<m in (n -n ' , n -n " ) ,  3polynomial T(x) : z Tkxk, D(T) #¢~  
k:n 2 

(Pl(X) :P(x) .T(x) ,  QI(X) :Q(x) .T(x ) )sa t is f ies  def in i t ion 2.2 for F. 

In other words : [(F.Q-P).TI(x) :(F.Q1-P1)(x ) =o(xn2+2n+l). 

Now where 1 
( c . i .  P+d ) 

4 

• (a.~.P+b) is defined : 

1 . ( a . ~ . p + b ) _ l . .  1 . (a.P+b.Q) I 1 . (a .P+b.Q) .  
(c.~. P+d) ~.(c.P+d.Q) "Q = c.P+d.Q 

Also (c.P+d.Q)(O) =c.F(O)+d is regular in B(O,r). 

I B(a.P+b.Q)~max(BP,BQ) and B{(a.P+b.Q).~ ~n2+n 

B(c.P+d.Q)<max(@P,BQ) and B[(c.P+d.Q).T] ~n2+n 

Since (F.QI-P1)(x) =O(x n2+2n+1) and c.F(O)+d is regular, 

[(a.d-b.c) 1 (F. )](x) :o(xn2+2n+l). "c.-TF'~-d" QI-PI 
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i (a.F+b).(c.P+d.Q) T-(a.P+b.Q).T= Now TETT~- .  

1 T.(F.Q-P) (a.d-b.c) =(a.d-b.C).c.-- ~ (F.Qz-P I) 

and I(a.d-b.C)c.--.~. (F.Q1-P1)](x) =o(xn2+2n+1). 

We now search the irreducible form of I (a P+b.Q) T. 
(c.P+d.Q).T" " 

1 (a.P+b.Q) were reducible : I (a.P+b.Q) for i f ~ .  I t  is c . - - - ~ "  

l 
a.P+b.Q =U.V with U,V,W abstract polynomials 

c.P+d.Q=U.W and ~U>I 

then : I(a.d-b.c).P=d.U.V-b.U.W 

(a.d-b.c).Q=a.U.W-c.U.V 

1 and so ~ .  P were reducible. 

I f  we want the o-l inear term in the denominator to be I ,  

I (a.P+b.Q).e, with e = (c.P(O)+d.Q(O)) - I  = (C.Co+d) - I ,  is the 
(c.P+d.Q).e" 

I (n,n)-APA f o r - ~ T ~ .  (a.F+b). 

We have to remark that i f  ~ . P  were the (n,m)-APA for F with n>m for instance, 

then a.P+b.Q was indeed an abstract polynomial of degree n but c.P+d.Q not 

necessarily an abstract polynomial of degree m. This c la r i f ies  the condition 

in theorem 6.2 that ~ . P  is the (n,n)-APA for F. 

Another property we can prove is the scale-covariance of abstract Pad~-approximants. 
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Theorem 6.3. : 1 Let l e A ,  X #0, y=Xx and ~ . P  be the (n,m)-APA for F. 

I f  S(x) := Q(~x), R(x) := P(Ix) ,  G(x) := F(~x), then 

~ . R  is the (n,m)-APA for G. 

Proof : We remark that i f  LcL (X i , y ) ,  then V p c A : p L c L ( X i , y ) .  
i Because ~ . P  is the (n,m)-APA for F, 3s, o~s~min(n-n' ,m-m') ,  

n . m + s  

3 polynomial T(x) = z TkXk,D(T ) #¢~[(F.Q-P) .T] (x)  =o(xn'm+n+m+l). 
k:n.m 

Thus [(F.Q-P).T] (~x) O(x n'm+n+m+l) = , 

Now [(F.Q-P).T}(Xx) =(G(x).S(x)-R(x)).U(x) with U(x): :T(Xx) and so 

[(G.S-R).U](x) =o(xn'm+n+m+l). 

We can prove that (D(P)  : I .D(R) ={XxIR(x ) regular in Y} 

D(Q) =X.D(S) 

D(T) =X.D(U) 

So D(S.U) #@ or D(R.U) #@. 

The irreducible form of . (R.U) is ~ . R  and S(O) =Q(O) = I ,  what 

f i na l l y  proves the theorem. 

7. THE ABSTRACT PADE-TABLE 

Let Rn, m denote the (n,m)-APA for F i f  i t  is not undefined. 

ordered for d i f fe rent  values of n and m in a table : 

The Rn, m can be 

Ro,o Ro,I 

RI,o RI, I  

R2,o R2,1 

R3, ° 

Ro,2 

R1,2 

R2,2 

Q ~  

o ~  

D i 6  
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Gaps can occur in this Pad~-table because of undefined elements. An important 

property of the table is the next one : the abstract Pad#-table consists of 

squares of equal elements ( i f  one element of the square is defined, a l l  the 

elements are). 

We e x p l i c i t l y  r e s t r i c t  ourselves now to spaces XD{o} (and Y~{0 ,1}  of course). 
# 

Thus 3xEX : x#O and VXEA:X. IcY.  

Lemma 7.1 : V n E ~ ,  3DnEL(Xn,y), 3(x I ..... Xn)EXn: 

DnX I x2. . .x  n =I 

Proof : The reader must be fami l iar  with the well-known functional analysis 

theorem of Hahn-Banach (Rudin W., Functional Analysis, Mc Graw-Hil l ,  

New York, 1973, pp. 57). 

Let n = 1. 

Take Xo~X, x o#0 and define the l inear functional (V pp.34) 

f :M :{~, Xo[X E~A}--).A :),.Xo~X. 
tIX x 

0 Now If(x x o ) l = l x l -  ,x , 
0 

Define the norm p(x) = ~ n  I on X. Thus I f (x) ]~<p(x) Vx~M. 

This l inear functional f can be extended to a l inear functional ~ : X ~ A  

such that f ( x )  = f (x )  ¥x~M and I f (x ) l  <p(x)Vx~X. 

We now define D I : X-*Y : x - ~ f ( x ) . l .  

Clearly DI~L(X,Y ) and D 1 x o = I  since f ( X o ) = f ( X o ) = 1 .  

I f  Dn_ l~L (xn - l ,Y ) , (X l , . . ,Xn_ l )  ~X n-1 :> Dn. 1 Xl..Xn_ 1 = I ,  

then we can define for  xeX : Dnx= f ( x ) .Dn_ l~L (xn - l , y ) .  

Then Dn~L(Xn,y) and D n XoXl...Xn_ I : f(Xo).Dn_ I Xl..Xn_ 1 = I .  

This lemma implies that V n e ~ ,  3DnCL(Xn,y ) :D(Dn) #¢. We shall use this resu l t  
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in the proofs of the fol lowing theorems. 

Theorem 7.1. : 
1 

Let . P=Rn, m be the abstract Pad~-approximant of order (n,m) 

for  F. 

n'+m'+t+i+Z Then : a) (F.Q-P)(x) = z Ji x 
i=o 

with Ji E L(Xn'+m'+t+i+ l 'Y) '  

t>~o and Jo~O 

<m'+t 

c) Vk,l } i n ' < k < n ' + t  :Rk, 1 =Rn, m 

m' E l  ~<m'+t 

Proof : a) Suppose (F.Q-P)(x) =O(x j )  with j <n '+m '+ l .  

Then Vr~-o  < r  <min(n-n' ,m-m') : j + r  + n.m<n.m+n+m+l 

This is in contradict ion with theorem 4.3. 

b) Suppose n > n ' + t  or m>m'+t. 

Then Vr~ IN,  o<r~<min(n-n' ,m-m') ,  VTn.m+r~L(xn'm+r,Y), D(Tn.m+r) #@, 

we know that (F.Q.Tn.m+r-P.Tn.m+r)(X) is not O(x n'm+n+m+l) since 

(F.Q-P)(x) = s J x n'+m'+t+i+l  i w i t h J o ~ 0 and n. m+n '+m' +t+r+ 1 < n. m+n+m+l. 
i :o  

This is in contradict ion with theorem 4.3. 

c) Let ~ s = m i n ( k - n ' , l - m ' ) ,  Ds~L(xk ' l+S,Y) ,  D(Ds) #¢ 

PI =P'Ds ~PI ~k ' l +k  

QI =Q'Ds ~Q1 ~<k'l+l 

(F.QI-PI)(X) :O(x n'+m'+1+t+s+k'l) because of a). 

Now for  k-<<n'+t and l ~ m ' + t  :k . l+k+ l+1~k. l+n '+m'+ t+s+ l .  

So (F.Q1-P1)(x) :O(x k ' l+k+ l+ l )  and D(PI)#~ or D(QI)#~. 
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The (n,m)-APA for F is called normal i f  i t  occurs only once 

in the abstract Pad~-table. 

The abstract Pad~-table is called normal i f  each of i ts 

elements is normal. 

The (n,m)-APA Rn, m=~. P for F is normal i f  and only i f  : 

a) aP = n and aQ =m 

and 

b) (F.Q-P)(x): Z J.x n+m+l+i 
i=o l 

with Ji EL(xn+m+l+i,y) and Jo ~ 0 

Proof : 

We proof i t  by contraposit ion. 

Let n' = ~P<n or m' :~Q<m. 

According to theorem 7.1 a): (F.Q-P)(x)=O(x n'+m'+l) at least.  

I Then Rn,,m, =~T" P ( i r reducib le  and sat is fy ing Q(O)=I) since for 

DEL(X n''m',Y), D(D) #~: 

' m' n'  m' [(F.Q-P).D](x) =O(x n " + + +I) and a(P.D)=n'.m'+n' and B(Q.D)= 

n' .m '+m'. 

Rn, m, ;Rn, m contradicts  the normality of Rn, m. 

I f  b) is not va l id ,  then according to theorem 7.1 a) : 

(F.Q-P)(x) =O(x n+m+1+t) with t > o  ( for  t = o  b) would be va l id) .  

This implies that Vk,l :n<k~<n+t and m~l<~m+t : 

Rk, 1 =Rn, m and thus contradic ts  the normality of Rn, m. 

The proof goes again by contraposit ion. 
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Suppose Rk, 1 =Rn, m for k, l  such that k>n or l>m. 

Now b) implies : (F.Q-P)(x) =o(xn+m+1). 

e L(xk ' l+s,y)  I f  seN, D s , D(Ds) #@~ (F.Q.Ds-P.Ds)(X) =o(xk ' l+k+l+ l ) ,  

then k.l+k+l+l<n+m+l+k.l+s and thus s>k-n or s>l -m. 

This is a contradiction with theorem 4.3. 

8. INTERPOLATING OPERATORS 

Theorem 7.1 a) and 7.2 b) allow us to write down the following conclusions. 

I f  ~ . P  is the (n,m)-APA for F then (F.Q-P)(x) =O(x n'+m'+l+t) with t >o .  

1 =O(x n'+m'+l+t) with t 3 o ,  since Q(O) I is regular. This implies ( F - ~ . P ) ( x )  = 

In other words : ( F - ¼ . P ) ( i ) ( o ) ~ O C L ( X i , y )  for i =o . . . .  n'+m'+t. 

Thus : for Rn, m : ~ . P : F ( i ) ( O )  : ( ~ . P ) ( i ) ( o )  i =o . . . .  n'+m'+t with t > o .  

What is more, i f  Rn, m is normal then n' =n, m' =m and (F.Q-P)(x) =o(xn+m+l). 

1 p) ( i ) (o )  i =o ..,n+m. Thus : for Rn, m= .P normal : F( i ) (o)  = (~ .  

This also agrees with the classical theory of Pad6-approximants. 
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