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ABSTRACT

We present a method to extract factors of multivariate poly-
nomials with complex coefficients in floating point arith-
metic. We establish the connection between the reciprocal of
a multivariate polynomial and its Taylor expansion. Since
the multivariate Taylor coefficients are determined by the
irreducible factors of the given polynomial, we reconstruct
the factors from the Taylor expansion. As each irreducible
factor, regardless of its multiplicity, can be separately ex-
tracted, our method can lead toward the complete numerical
factorization of multivariate polynomials.

Categories and Subject Descriptors

F.2.1 [Theory of Computation]: Analysis of Algorithms
and Problem Complexity— Numerical Algorithms and Prob-
lems; G.1 [Mathematics of Computing]: Numerical Anal-
ysis; 1.1.2 [Computing Methodologies]: Symbolic and
Algebraic Manipulation—Algorithms

General Terms
algorithms, theory

Keywords

polynomial factorization, numerical factorization, approx-
imate factorization, partial fraction, qd-algorithm, Taylor
expansion, multivariate Padé approximation, pole detection,
symbolic-numeric method

INTRODUCTION

We consider the problem of computing an irreducible fac-
tor of a given multivariate polynomial in a finite precision
environment. For a given polynomial f, we look at the con-
nection between the factors of f and the Taylor expansion of
its reciprocal 1/ f. While the univariate case has been exten-
sively studied (e.g., see [8, pp. 596-597]), until recently the
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detailed analysis of the multivariate case is lacking. In this
paper, we establish the connection between the irreducible
factors of a multivariate polynomial f(z1,...,2z») and the
Taylor expansion of its reciprocal 1/ f(z1,...,zy). Based on
such connection, we present a method that can reconstruct
the irreducible factors of f(z1,...,z») from the associated
Taylor expansion.

A multivariate polynomial is a product of finitely many
irreducible factors. Recovering each individual factor even-
tually leads to the computation of all factors and hence the
complete factorization of the given multivariate polynomial.

The problem of factoring multivariate polynomials in com-
plex floating point arithmetic was recognized by Kaltofen
in 1985 when he gave one of the first polynomial-time al-
gorithms to factorize multivariate polynomials exactly [11].
The idea to tackle the inexact case as an optimization prob-
lem was independently suggested by Sasaki et al. [20] and
Kaltofen [12].

With a renewed interest, over the past ten years, a signif-
icant body of results in numerical, as well as approximate,
multivariate polynomial factorization have been achieved
(see, e.g., [6,9, 10, 2, 4, 19, 1, 21, 7, 5, 15] and the references
given there). A related problem is to bound a polynomial
away from irreducible polynomials, for which we refer to
[17, 14, 18]. Such accomplishments undoubtedly contribute
to the recent prominence of symbolic-numeric computation
and approximate algebra.

Our method is a numerical approach by nature because it
is built upon the convergence behavior of the multivariate
Taylor expansion. The novelty of our approach is three-
fold. First, compared to existing factorization algorithms,
our method reconstructs a factor at a time. Second, we do
not require the input polynomial to be square-free. Third,
our method is suitable for iterative improvement. In other
words, under the constraint of finite precision, when more
computational effort is spent, the accuracy increases.

In addition, the construction of a multivariate partial frac-
tion decomposition in a monomial order is embedded in our
theoretical development (for multivariate partial fractions
implemented in certain computer algebra systems, we refer
to [22]).

The rest of the paper is organized as follows. Section 2
establishes the theoretical connection between a multivari-
ate polynomial and the Taylor expansion of its reciprocal.
Based on the established connection, Section 3 shows how
to extract factors of a given polynomial in various circum-
stances. Then in Section 4, we comment on our results and



conclude with current research directions in complete facto-
rization and irreducibility testing.

2. TAYLOR EXPANSION AND FACTORS

In this section we explain the connection between the fac-
tors of a polynomial and the Taylor expansion of its recipro-
cal. The univariate case is repeated in §2.1. The multivari-
ate connection for a single irreducible factor, which under-
pins our computational method, is presented in §2.2. In §2.3
we discuss the situation when there exist multiple factors in
the given multivariate polynomial.

2.1 Univariate Case
Suppose f(z) is a univariate polynomial. For simplicity,
let f(z) = (1—bix) --- (1—bsz) € Clz] with |by]| > -+ > |be].
Consider the Taylor expansion of its reciprocal
1 . r1 ¢
f(x)_l—b1x+ +1—btx

:7“1(1+b1a?+b?x2+...)+..,

+Tt(1+btx+b?:v2+~«):Zaiazi (1)
1=0
with T,...,Tt € C.
By recollecting the coefficients in (1), the i-th Taylor co-
efficient a; is a sum of exponentials. For ¢ =0,1,2,...,

a; :rlbi—i—---—&—mbi. (2)

Consider the sequence {a;};>0 formed by the Taylor co-
efficients a;. From (2) we can conclude that the sequence
{a;}i>o is linearly generated and the associated generating
polynomial is A(z) = (z —b1) - - - (2 — b¢). Further details are
referred to, e.g., [16].

Note that |by| > -+ > |b]. As i — oo, the exponential
term r1b} dominates a;. Such property can be exploited
to recover the zeros of f(x) in an order that reflects their
moduli [8, pp. 617-618].

As for the more general case of |b1] > --- > |bs|, where
|bi] = «-- = |bj| for some 1 < i < j < t, we refer to the
treatment in [8, §7.9].

2.2 Multivariate: Single Irreducible Factor

We investigate the multivariate case. Consider an irre-
ducible polynomial f(z1, ..., zn) € C[z1,...,2s]. Assume
f has a non-zero constant term since this can always be
achieved by shifting the basis in the representation of f. For
the time being we assume for simplicity that f(0,...,0) #0
and hence that the Taylor series in the sequel are all consid-
ered around the origin.

Let the constant of f(x1,...,2n) be normalized to 1, that

is, f(z1,...,2xn) = 1 —p(x1,...,2n) with p(z1,...,2,) €
Clz1,...,zn] having zero constant. Expand 1/f into a geo-
metric series,

= =14p+p +---

fool-p

Z a;:c?, 3)

. . i1 . in —
Aiy,.in®y " T =

- ¥

(i1,0in) €22 7ery,
in which azz’ = aiy,.. 5,27 -z and T = (i1,...,0n) €
n
>0
The expression (3) may appear similar to (1). However,

in the univariate case the Taylor coefficients can be directly
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expressed in terms of the linear factors in the denomina-
tor, while in the multivariate case (3), the denominator
1—p(z1,...,2s) is an irreducible multivariate polynomial.
The multivariate Taylor coefficients ar are not directly col-
lected in the powers of p, but with respect to the power
standard basis ' = /' ---zi*. Our aim is to explore the
multivariate Taylor coefficients az in relation to the polyno-
mial 1 — p(z1,...,%n).

Since p(z1,...,or) is assumed to have constant zero, let

(4)

do _

p(x1,. .., Zn) —biz® 4 box® ... bmxd"”,

. . 1 d; d; .
in which % denotes bz fori=1,...,m. Letz
2V 2% = 1. We require by, # 0 and 2%, ..., 9 to follow

a monomial order < in Clz1,...,,] such that!

multideg(aﬁ‘%) =< multideg(mjl) =< multideg(:rd;) <.

. < -+ < multideg(z™) < -+ .

()

In general, a monomial order does not guarantee that each
monomial can be enumerated from (0,...,0). For exam-
ple, in Clz1,z2] under a lexicographic order, monomial z;
can never be enumerated from (0,0) because for all n > 0,
multideg(z5) <iex multideg(z1). From now on, in our dis-
cussion we restrict all monomial orders to enumerate any
monomial in C[z1,...,z,] under consideration.

Let A; = p'. We consider the sequence of multivari-
ate polynomials {A; = p’};>0. By definition, the sequence
{A;}i>0 is generated by the linear recurrence equation A;1
= p - A; that can be represented by an associated gener-
ating polynomial A(p) = 1 — p. Because p(x1,...,%n) €
Clz1,...,zn], the generating polynomial A(p) is a multi-
variate polynomial in C[z1,...,z,]. We remark that if p is
regarded as an indeterminate, then A(p) can be viewed as a
univariate polynomial in p. That is, A(p) € C[p].

Substitute (4) in the linear recurrence A;41 = p - As,

Aip1 = Abiz® o+ Aby,am 6)

Suppose M, N € Zso and M < N. By repeating (6) for

i=M,M+1,...,N —1,N, we form the following system:
Ay = 1‘11\/715130071 4+ 4+ AN—lbmxd'm
An—1 = An_abie™ + - 4 Ax_abpnz™

Apy1 = Aubiz™ + -+ Apbz™™

Ay = Ap_1biz™ + o+ Ay bz (7)

Now we are ready to link the polynomial 1 —p = 1 —
biz? — .- — bz to the multivariate Taylor coefficients
ar from (3). But for later reference we first elaborate in

Theorems 1 and 2 a few details regarding the system (7).

According to (3), any azz” from the Taylor expansion can
be collected from the infinite series 1+p+--- = Ag+A1+---.
But Theorem 1 states that it is sufficient to collect aﬁj from
a finite partial sum Ay + --- + An of the infinite series
Ao+ A1 +---.

!See, e.g., [3, pp. 54-60] for the definition and further dis-
cussions of a monomial order.



THEOREM 1. Under a monomial order <, for any a,;xk n

(3) such that multideg(azz”) = multideg(p) = multideg(A1),

there exist M, N € Zso such that M < N and a,;xk can be
obtained from collecting either side of (7).

PROOF. Since multideg(azz") = multideg(A1), at least
we have M = 1 that satisfies (7) and the existence of M is
proved.

We use w(p) to denote the non-zero term with the low-
est multivariate degree in p. ﬁBecause p has zero constant,

multideg(w(p)) > multideg(z®) = (0,...,0), and

multideg(w(A;11)) = multideg(w(p' ™))
= multideg(w(p')) + multideg(w(p))
> multideg(w(p’)) = multideg(w(A;)).
Therefore, as i — oo, the monomial order of w(A;) is strictly

increasing. For a given a,;;rk there exists N € Z~q such that

multideg(a;x’;) = multideg(w(An))
< multideg(w(An41)) < -+~ .

We conclude that Axy1 + -+ does not contribute to algxk.

O

k can be collected from Ap +---+ An alone.

Hence ajx

Theorem 2 further insists that M and NN, which are used
to define a finite partial sum for collecting a given az, can si-
multaneously increase to infinity as multideg(azz*) increases.

THEOREM 2. For any M > 0, there exists ke 73, such
that for any aza® satisfying multideg(azz’) > multideg(algwk),
ayx’ can be collected from Ay + ot An for an N € Zo.

In other words, if multideg(azx*) follows a monomial or-

der that enumerates every term, then azxz® can be collected
from a finite partial sum Ap+---+An and both M, N — oo.

PROOF. Since N — oo is obvious, we only show M — oo.
Because our monomial order enumerates all terms, for any
M > 0 there exists k = (ki,. .., kn) such that multideg(azz*)
= multideg(Aas). Since multideg(Aas) > multideg(Arr—1)
= +-- thesum Ap+---+An—1 does not contain a term with
monomial z* or of a higher multivariate degree. As a result,

if multideg(azz”) = multideg(azz"), a;z” can be collected
from Ay + Api41 + -+ An and both M, N — oco. [J

Theorems 1 and 2 form the foundation of our convergence
arguments: as multideg(aﬂ?) increases, azz’ can be solely
captured from higher powers of p in (3), which better reflect
the dominating properties.

Return to the link between the irreducible polynomial 1-p

and the multivariate Taylor coefficients az. We collect a ,;mk
from both sides of (7),
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We repeat (8) for various A5 oo O, > T times in
total, and form a linear system
g, —d, ag,—d, by
Ejfm—1—d1 Ejfm—1—dm b
a-
kj
= : . (9)
an+m—1

THEOREM 3. Let 2% follow the monomial order in (5),
then the £ + 1 by £ 4+ 1 matriz

ag, g, —a, %, —d,
G) _ :
A= ) ) ) | 9
akj+£—1 akjﬁ»l—l*dl ak]‘+tzf1*dz
anM a’gﬁé—‘fl anH_EZ
is singular for £ =m,m+1,m+2,....
PROOF. Because of (8), the first column [a,;i7 ce aE*Z]Tr
2 J
is a linear combination of the m consecutive columns in
A(j) 0
41
We look at the singularity of Ag_)l for ¢ <m. Inp =

blx‘il +-- -+bg:rd} 4+ ~—|—bm:c‘i"", the coefficient of the leading
term is non-zero, which means b,, # 0 and multideg(xd—m) -
cee multideg(m‘il) e multideg(xil). But it is possi-
ble that some b, for 1 < ¢ < m are zero and these zero terms
can cause Asz to be singular for 1 < ¢ < m.

Example 1. Let p = 25 + 22 and ay be the coefficients in
the expansion
1+ p+p*+p°+- -

2
= ao,0 + Q1,01 + Qo,1T2 + a2,0%] +a1,1T1T2 + -+ .

Let the enumeration of a,;[xkf follow the monomial order
of 1, x1, x2, @2, x1x2, 3, .... The zero terms in p can
cause zero terms in the expansion of 1 +p + p? + ---. The
corresponding matrix AEQI can be singular for £ < m. For
example, the matrix

A199) _ %190 FRrog—di | _ |PH1e0  PK109—(1,0)
1+1 z ap. =z ag ay
k200 k200—d1 k200 k200—(1,0)
aio,9 9,9 0 of . .
= = is singular
a9, 10 as,10 0 0

dm

when £ =1 < m = 16 and b,,z°™ = blgx‘ilﬁ is the leading

term in p. X

Ifall b1, ..., by are known to be non-zero, or if we consider
the expression that only includes the non-zero terms in p,

p=Fa® 4 4 Bz’ 4+ Bt B £0,  (11)

for £ =1,..., u, then we can conclude the non-singularities
for the associated matrices Aﬁfl.

THEOREM 4. Suppose a:gl, oo 7505“ in (11) follow

a monomial order. Let a ke ag Hack““ correspond
v v



to the terms formed by the expansion of these non-zero terms
14+p+p®+---, then the matriz

AW _

1 = (12)

ar CLE

- a- -
kyte e —01 Eyqe—00

is non-singular for £ =0,1,...,u— 1.
On the other hand, if all possible terms in p are known to
be non-zero, that is by # 0 for £ =1,...,m, then the matriz

A§Q1 is non-singular for £ =1,...,m — 1.
PROOF. Removing zero terms in (8), we have

ag = bag_g, + Prag_g, + -+ Buaz_s,, (13
with all B, # 0. Apply (13) to all corresponding entries
in 521)1- Each entry is, at least asymptotically, a sum of
u exponentials. The dimension of matrix (12) reflects the
exponents of these p exponentials. Therefore Aéijr)l is non-

singular if its dimension is less than u + 1.2 O

LEMMA 1. Suppose xgl, .. ,LL’XZ, ce 25 in (11) follow a

monomial order. Let aj kv, L
v

, Qf; z*v+e correspond to
. v+-£
the terms formed by the expansion of these non-zero terms

14+p+p?+---, then the matriz

AW
A=

a’gvﬂt a’;vﬂi—gl aEv+u—gu
is singular with a rank deficient by 1.

Similarly, if all possible terms in p are known to be non-
zero, that is by # 0 for £ =1,...,m, then the matrix Agi:_l

is singular with a rank deficient by 1.

PRrROOF. Apply Theorem 3 to the polynomial p(x1, ...,
Zn) represented as (11). [

Theorem 4 and Lemma 1 can be used to detect the leading
term of p: when AZ_)I or Affl)_‘_l first becomes singular, then
{=porl=m.

Nevertheless, both Theorem 4 and Lemma 1 require the
knowledge of the non-zero terms in p(z1,...,Z,), which is
normally not supplied. By shifting and rotating the repre-
sentation basis, we can always make all possible terms in a
given polynomial non-zero.

2.3 Multivariate: Several Irreducible Factors

In §2.2 we establish the connection between a multivari-
ate irreducible polynomial and the Taylor expansion of its
reciprocal. Now we look at the situation when the given mul-
tivariate polynomial is a product of irreducible polynomials.
Our results in §2.2 can still be applied to each individual
factor.

Consider a polynomial f € C[z1, ..., z,] whose constant
is normalized to 1 and has the nontrivial factorization

f=1—-p=0Q-p1)(1 —p2)--- (L —p¢) fort > 1,

2In the univariate case such matrix is comparable to a Han-
kel system whose entries are also sums of exponentials (see,
e.g., [8, Theorem 7.5¢] or [13, Theorem 4] in different con-
texts).

(15)
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in which p, p1, ..., p: are all assumed to have zero constant
term and 1 — p; is irreducible for all 1 < 57 < ¢. We do not

require p1,...,p: to be all distinct. In other words, f may

have repeated factors.

Let
D; :H(l—pi) forj=1,...,t
i#j
Consider

1=RiDi+- -+ RD:+ R, (16)
for some multivariate polynomials R, Ri,...,R; € Clxz1,
.., Ty]. Note that for a set of given Dy, ..., Dy, there al-

ways exist (infinitely many combinations of) R, R1,..., R €
Clz1, - .., zn] such that (16) holds.
Substitute (16) into the numerator of 1/f,

11  RiDi+---+RD:+R

f 1-p (1=p1)---(1=pr)
T1 Tt T

= 4.+ + +q (17
— o Py gy 707

and r;,p;,7r,q € C[z1,...,2,]. Under a monomial order, we
require that each term in r is not divisible by the leading
term of (1 —p1)---(1 —p¢), and for j = 1,...,t each term
in r; is not divisible by the leading term of p;.

Since there can be many possible combinations of R, R1,
..., Ry in (16), the corresponding r1,...,7r¢,7,q in (17) are
not uniquely determined. However, for j = 1,...,t, the
numerators r; and r cannot be zero at the same time. Oth-
erwise, suppose 1 = r = 0, then 1 — p; is not a pole of
1/f. It is worth mentioning that while r1,... 7,7 and ¢
can vary, only the factors 1 — p1,...,1 — p; play a vital role
in our convergence analysis.

For each p; in (15), let AE” = p, then 1/f(z1,...
(17) can be expanded as

,ZTn) In

1
?:7“1(1+p1+---)+7‘2(1+p2+“')+'“
t
tri(ltpt--)+r[JA+p+)+q
j=1

- (A§)1>+A§1’+---)+r2(Ag2>+A§2>+---)

o (AP 4 A0 1)

t
+rH<Agj)+A§j)+m)+q: > am’. (18)

Jj=1 ey,

Recall Theorem 2 in §2.2. When f =1 — p is irreducible,
the Taylor coefficients a7 are determined by a finite sum of
pM4pM 4.4 pY and both M, N — oo as multideg(azz?)
increases. Theorem 5 is a similar statement for a multivari-
ate polynomial f when it is a product of irreducible polyno-
mial factors.

THEOREM 5. For any M > 0, there exists ke 73, such
that for any aza® satisfying multideg(azz?) > multideg(azz*),



a;x? can be collected from Su,n for an N € Zso and
i =11 (A5 o+ AP ) e (AR 4+ AD)

+"'+’f‘t(A5\t4)—|—~-~+A§\t]))

+r A A

t

"'_""‘"AE\}E"'A%Z , (19)

Th, N

in which M < My +--- My and N1 +---+ Ny < N.

In other words, if multideg(azz?) follows a monomial or-
der that enumerates every term, then azz® can be collected
from a finite partial sum Sy,n and both M, N — oo.

PROOF. The polynomial ¢ in (18) does not play a role in
the convergence because it only has a finite number of terms
that can contribute to the Taylor expansion.

For the rest of (18), apply Theorem 2 to each r; (Aé” +
AY 4.0 and TH;:1(A(()J) + AY) 4 ...) and sum them
up. O

Theorem 5 extends a convergence argument in §2.2 to f
=1 —p1) - (1 —p). As multideg(z®) increases following
a monomial order, the Taylor coefficient az can be captured
from a finite partial sum Sy, n determined by higher powers
and mixed powers of p1,...,p:.

We conclude with three possible scenarios on the conver-
gence behavior of Sy, n, as M, N — oo, in relation to the
multivariate Taylor coefficients az. Further details and re-
lated examples are treated in §3.

Scenario 1: Suppose there exists an irreducible factor in
f=0-=p1)---(1 —pt), say 1 — p1, such that p; domi-
nates Sy~ at convergence. Then such polynomial factor
1 — p1 is called the dominating factor. This case is compa-
rable to §2.2 when f itself is an irreducible polynomial. As

multideg(azz®) increases, a; reflects the dominating proper-
ties of higher powers of p;.

Scenario 2: If there does not exist a dominating factor in
f=(0—=p1)---(1—p¢), it is still possible that a subsequence
of Taylor coefficients ar is dominated by an irreducible fac-
tor, say 1 — p1, at convergence. In other words, there exists
a subset K C Z%, with cardinality #(K) = oo such that if

multideg(z"*) increases and k € K C Z%,, then the higher
powers of p1 dominate the convergence behavior of {aj};ck-
We call such factor a partially dominating factor.

Scenario 3: Suppose that each factor 1—p;, forj =1,...,1,
neither dominates nor partially dominates. Instead, a prod-
uct (1 —p1)---(1 —ps) with s > 2 dominates the remaining
factors. Then each of the 1 —p;, j =1,...,s is call a non-
dominating factor.

We point out that the situation described in Scenario 3
is the multivariate analogue of the case |bi] = -+ = |bs|
with s > 2 in the univariate §2.1. The situation described in
Scenario 1 is comparable to the case |b1| > [b2| > -+ > |be].
The case described in Scenario 2 is unique to the multivariate
situation.

3. EXTRACTING NUMERICAL FACTORS

We use examples to illustrate how to extract irreducible
factors in the three possible scenarios characterized above.
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Our strategy is based on the connection between the irre-
ducible factors and the associated Taylor expansion.

To prepare our discussion, we define a full-termed polyno-
mial.

Full-termed polynomial. Under a monomial order, we
say a polynomial f is full-termed if all its possible terms
with multivariate degrees up to multideg(f) have non-zero
coefficients.

If a polynomial is not full-termed, by shifting and rotating
the representation basis, the same polynomial can be written
as a full-termed polynomial in the new representation. For
example, f(z1,z2) = 1+ x? — 23 does not have all terms,
but f can be represented as a full-termed polynomial in the
power basis of

1
y2:3—§$1_§

3 1
Y1 = —1+§x1+*232, T2,

2

which results in a full-termed representation of the same
polynomial

— 123 4+ T7y1 + 227y> — 14y? — 88y1y2 — 134y3
+ 9% + 9ytys + 2Tyrys + 27y5.

f=

For a given polynomial, each factor can be represented
as a full-termed polynomial under a (rotated and shifted)
representation. The purpose of this paper is to demonstrate
that each factor of f can be extracted. Without loss of
generality, in the following discussion we assume that each
factor is already a full-termed polynomial.

3.1 Dominating Factor

The basic case follows Scenario 1 at the end of §2.3. Let
f=@Q=p1) - (1—p¢). As (18) shows, the coefficients a7 in
the Taylor expansion of 1/f depend on the powers and the
mixed powers of p1, ..., p:.

To study the convergence behavior, we focus on the situ-
ation when f is a product of two irreducible factors. That
is, f = (1 —p1)(1 — p2), and 1 — py is the dominating fac-
tor.® This happens when the powers of p; contribute more
than the powers of p2, in each variable, toward the Taylor
coefficient a7 in the expansion (18) of 1/f. For example, if
f=(1-52z; +4.122)(1 — 21 — 1.123) then 1—5.221 +4.1x>
is the dominating factor of f.

Due to the powering effect, the contributions, as well as
the difference of the contributions, from p; and p2 are ex-
ponential as multideg(a;z”) increases. The scale of ay is
dominated by the powers of p; at convergence. Theorem 6
and Lemma 2 further show that at convergence 1 — p; also
dominates a linear recurrence relation among the associated
Taylor coefficients az.

We use an example to explain this situation.

Example 2. Let f = (1 — 1 — z2) (1 — 221 — 3z2), then

30ur discussion can be directly extended to the general case
when 1 — p; is the dominating factor in (1 —p1)--- (1 — py).



1 — (2z1 + 3z2) = 1 — p1 is the dominating factor and

1 1 7
ey P P

7ent,,
)
N 12
—N— 4 <X
_ o 1-2m 37 3
T 1- (21‘1 + 3I2) 1-— (Il + Ig)
N——r S———
p1 p2
—N—
T
3 3 3

—+

(1 — 2$1 — 3302) (1 — 1 — m’z)

1-p2
=r(l+pi+pi+-)+ra(l+pa+pi+--)
tr(l+pi+pi+) (L+p2tps+--).

1-p1

(20)

Now Al(.l) =pl = (221 + sz)i,AEQ) = ph = (21 + x2)"
According to Theorem 5, as multideg(azz®) increases, each
ay can be collected from

Sun =1 (AF 4+ AD) 10 (A7 + - AQ)

+r (A A + -+ AR AR), (21)
T, N
M < My + Ms, Ny + Nz < N, and both M, N — co. K

We use xa, (rl A;D) to extract the contribution from T1A§.1)

to az in (20), meaning the coefficient of " in rlAE.l). Since
1 — p1 is the dominating factor, as multideg(a:?) increases,

the contribution due to ry (AS&) +o 4 AS\})) dominates a;.
In other words,

Xar (r2(AR) -+ AD))

lim =0. (22
M= N (rl(Aﬁ\? ot Aﬁ))
Combining Theorem 5 and (21), we write
a7 = Xay (Sm,N)
= Xar (M(AF) + -+ AY))
+Xar (r2(AF) + -+ AD))
+ Xor | 7 (AR AR, + o+ ARAR) (23)

Th, N

for the associated M, N, as well as M1, Mz and Ny, Na.
Theorem 6 is analogous to (7) that holds for a single irre-
ducible factor.

THEOREM 6. Under a monomial order, as multideg(aza®)
increases,
Xaz (Sm+1,8+1)

lim ————F =1.

24
M.N—oo Xay (P1 - Sm,N) (24)

ProoOF. For a given az, based on Theorem 5 we can always
find M, N such that arz = Xa; (Sm,N) = Xay (SM+1,N+41)-
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Recall p; = A<11). We look at p1 - Sm,nv and Sar41,N+1:
p1-SMN =T1 <A§\}I)+1 4+ AE&L)
+ A0 (AR + -+ D)

1 2 1 2
+r <A§\4)1+1A5w)2 +oet A§v3+1Ag\r;>a

1
A Ty

SMi1,Nt1=T1 (Agvlj)+1 4ot Ag\%h)
2
A2,.)

+7r <A§1) TN + AELQ{)H +- AS\?L) .

1o (AR o+

Then combine with the convergence property (22). [

LEMMA 2. Under a monomial order, as multideg(azxz®)
increases,
azy
4+ 4 bma? i

—0m

=1, (25

lim 5 b
7 n — -
T—oo™ 010Gy g, + b2a;_ g

for the dominating factor 1 —p1, where p1 = b1x51 + bgavd~2 +
e + bmmdm‘

Proor. Expand p; and collect the coefficients correspond-
ing to ar in (24). O

Similar to (8), Lemma 2 provides a linear relation for the
multivariate Taylor coefficients a7 at convergence. In other
words, at convergence, the results in §2.2 can be applied to
the dominating factor 1 — p;. Based on such convergence
properties, we build our method.

Algorithm: DomFactor <floating point>

Given a polynomial f(z1,...,2n) € C[z1,...,2,] such that
f=1—-p=(1-p1)--- (1 —p:) and that 1 — p; is the domi-
nating factor. Compute 1 — p; in floating point arithmetic.

(1) [Expansion.] Obtain required Taylor coefficients az by
expanding 1 +p+p?> +--- for f =1 —p.

(2) [Rank of Agjjr)l.] For a sufﬁciently large 57 > 0, consider
the rank of matrix Aéi)l in (12) for £ =0,1,2,.... The

matrix AEQ 1 4

(Within the constraint of finite precision, a larger j
leads to a better convergent result. The choice of j
depends on the desired accuracy and determines the
required computational effort.)

first becomes singular at ¢ = m.

(3) [Compute 1—p;.] Solve the corresponding linear system
(9) for m obtained in Step (2). The solution of this
system approximates the coefficients in the dominating

1—biz®t — .o — bzim,

factor 1 — p1

We comment on Step (2) of Algorithm DomFactor. Since
f is given, an upper bound on multideg(p1) is multideg(f) =
d. The step of determining m can be achieved by a single
singular value decomposition procedure on matrix AE\j ),

4Now 1 — p; is assumed to have full terms, thus we have

521)1 = A§j+>1 for Agﬂzl defined in (10).



As a by-product, we present a semi-irreducibility test for a
given multivariate polynomial in floating point arithmetic.
We call it a semi-irreducibility test because a factorizable
polynomial without a dominating factor can still pass the
semi-irreducibility test.

Algorithm: SemilrredTest <floating point>

Given a polynomial f(z1,...,2zn) € C[z1,...,x,] such that
f=0Q-=p1)--- (1 —p:) and there exists a dominating factor
in f. Apparently, if ¢ = 1 then f is irreducible. Determine
whether f is irreducible in floating point arithmetic.

(1) [Expansion.] Obtain required Taylor coefficients az by
expanding 1 +p+p? +---.

(2) [Rank of Ag\j).] Pick a sufficiently large j > 0. Check
the rank of Agj) for multideg(f) = dx.

(If matrix Af\j ) is non-singular and there exist a domi-
nating factor in f, then f irreducible.)

So far we show that for a polynomial f having a domina-
ting factor, we can determine whether f is irreducible and
extract the dominating factor. However, in general a fac-
torizable polynomial may not contain a dominating factor.
This is the focus of our next subsection.

3.2 Partially Dominating Factors

We use an example to explain the behavior of partially
dominating factors and show how to apply our results de-
veloped in §3.1 to this situation. As stated at the beginning
of §3, all partially dominating factors are assumed to be
full-termed.

Example 3. Consider f = (1 — z1 + x2)(1 — 7z1) and the
expansion of its reciprocal
1 1 ro r
- = + +
f 1—(%’1 —mz) 1— Tz (1—%1 +x2)(1—7x1)
——— ~—~

P1 P2

(1-p1)(1-p2)
=r(l+pr+-)+r2(l+pz+--)
+r(l+pi+- ) +pa+---)

7
:E azr’.

767]2‘0

The powering of p2 dominates the exponential growth in the
coefficients of terms that favor the powering of x1, but the
contribution due to the powering of z2 can only come from
p1. Unlike Example 1, there does not exist a dominating
factor in f. Each of the two factors 1 — p; and 1 — p2 dom-
inates within a respective subset, K; or Ko C {a;};ezgo, as

multideg(azz’) increases. X

Let Ki C Z2%, be such that if multideg(azz™) follows a
monomial order and & € Ky, then the partially dominating
factor 1 — p1 dominates az as K increases. Both Theorem 6
and Lemma 2 hold for {az}zek,. To recover 1 — p1, Algo-
rithm DomFactor can be carried out for az, with g restricted
in the subset K;. Nevertheless, in general, such a subset is
not given.

Recall that for recovering the dominating factor, Algo-
rithm DomFactor is carried out for Taylor coefficients asso-
ciated with a sufficiently large j > 0. To recover a set of
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partially dominating factors, we modify Algorithm DomFac-
tor so that it is performed on a set of j’s.

In order to recover all partially dominating factors, our
strategy is to select a set of j’s such that it intersects with
each subset K, that is associated with a partially dominating
factor. There are many ways to select such j’s. For simplic-
ity, in our discussion we fix an order, the graded reverse lex
order. For reference, here we repeat the definition (see, e.g.,
[3, pp.58-59]).

DEFINITION 1. Let d:,cf; € 7%, d; > greviex J; if
n n
-S> [i] =3
k=1 k=1

or |d;| = |d;| and the rightmost non-zero entry of d; — d; €
Z" is negative.

d; d;

Return to our polynomial f in Example 3. We use J(n)
to denote the collection of all j > 0 such that |k;| = n in
E

ag,x 7. If we pick a sufficiently large n > 0 and proceed

with Algorithm DomFactor for each j € J(n), we encounter
a set of matrices {AEJ_‘EI Yicam-

At £ = 2, a subset of {Agj)}jeJ(m are singular matrices,
which reflect the partially dominating factor 1 — p2. Then
at £ = 3, there is another subset {Aflj)}jeﬂn) of singular
matrices reflecting the partially dominating factor 1—p;. For
each of those singular matrices, an approximate polynomial
factor 1 — ¢ can be computed by solving a linear system (9).
Figures 1 and 2 illustrate Ko and K; in Example 3. Our
computational environment is Maple 12 with Digits = 15.

i2 15

Figure 1: In Example 3, at m = 2, dotted (i1,i2)
record [[(1—¢) — (1 —p2)|]2 < 1077 for the multivariate
indices of Taylor coefficients such that i, + i = n =
0,...,30.

Figures 1 and 2 illustrate the results for n = 0,1, ..., 30.
But for recovering factors 1 —p; and 1 — p2, we only need to
compute for a sufficiently large 7, instead of several n such
as in Figures 1 and 2 where n = 0,1,...,30. We further
remark that in practice, as long as we can determine both
1 —p1 and 1 — p2, for a fixed n we may not even need to

compute A,(Zjﬁl for all j € J(n).



Figure 2: In Example 3, at m = 3, dotted (i1,42)
record [|(1—¢) — (1 —p1)|l2 < 1077 for the multivariate
indices of Taylor coefficients such that i, + i = n =
0,...,30.

Performing Algorithm DomFactor on a set J(n) leads to
an algorithm that computes a set of partially dominating
factors.

Algorithm: PartDomFactors <floating point>

Given a polynomial f(z1,...,2zn) € C[z1,..., 2] such that
there does not exist a dominating factor in f = 1 — blxil —
---—bmx‘{m =(1-p1)--- (1—p¢) and that 1 —p1,...,1—ps
are partially dominating factors. Compute 1 —p1,...,1—ps
in floating point arithmetic.

(1) [Expansion.] Obtain required Taylor coefficients az by
expanding 1 +p+p? +---.

(2) [Rank of {Aéﬁl}jej(,,).] Pick a sufficiently large n > 0.
)

For £ =0,1,...,m, consider the rank of matrix A,
for j € J(n).
Collect those Ax_)l that first become singular (rank

deficient by one) in a subset Q. At the end of this
step, we have a subset @) that collects singular matrices

A%r)l for{=0,1,...,m— 1.

(3) [Compute 1 — p1,...,1 — ps.] Solve the corresponding
linear system (9) for each matrix in @) obtained in the
previous step. The solutions of these linear systems
can be grouped to reflect partially dominating factors
1—pi1, ..., 1 — ps respectively.

3.3 Dealing with Non-Dominating Factors

We investigate Scenario 3 at the end of §2.3. Given a poly-
nomial f = (1—p1)--- (1 —p¢), if 1 —p; is a non-dominating
factor, then there is at least another non-dominating factor,
say, 1 — p2. There does not exist a subsequence of the asso-
ciated Taylor coefficients on which either factor contributes
more than the powers of another.

Distinct non-dominating factors.

We use an example to explain our strategy to discover
distinct non-dominating factors 1 —p1,...,1—ps of f. That
is, for 1 <1i < j <'s, whenever i # j, then p; # p;.
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Example 4. Consider f = (1 — 21 — x2)(1 — 1 + 22) and
the expansion of its reciprocal

l o T1 + T2
f l—(z1+x2) 1—(x1—2x2)
— —
P1 P2

r T
+ = azx .
(I—z1—x2) (1 — 21+ x2) ;

1-p1 1—p2

Because p1 and p2 share the same magnitude of coefficients
with respect to each variable, in any Taylor coefficient az the
absolute values of the contributions from powering p; and
p2 are identical. Therefore none of them dominates in any
subsequence of {az}zezz .

Suppose we proceed with Algorithm PartDomFactors on
the associated set of Taylor coefficients {a;};ezgo. Since nei-
ther 1 —p1 nor 1 — ps dominates, we reach singular matrices
only at A(ﬂ ). But then the corresponding solution can only
recover the product of (1 —p1)(1—p2) in its expanded form,
instead of the individual factors, 1 — p; and 1 — pa.

By shifting and rotating the representation basis, we can
either turn these non-dominating factors into partially do-
minating factors, or one of them into a dominating factor,
in the new representation basis.

Let y1 = =34+ x1 + x2, y2 = 18 — 221 — 4x2 and represent
f in the basis of y1, y2, then both 1 — p; and 1 — p2 become
partially dominating factors in f,

1 01 " 0
fil—(3+y1) 1— (=94 3y1 +y2)
——— —_———
p1 in y1,y2 p2 in y1,y2
L6
(1=p1)(1—p2)

_a 2
1—(—0.5y1) 1—(0.3y1 +0.1y2)
L

(1-p1)(1—p2)
If we represent f with respect to the basis of 21 = —3+x1+x2
and z2 = 10 — 221 — 42 then
1 Y1 i V2
fil—(?)—‘rzl) 1—(—1+3Z1+Z2)
—— N— ———
p1 in z1,z9 p2 in z1,z9
L0
(1=p1)(1 —p2)
o, 7,
1 (—0.52’1) 1-— (1.52’1 + 0.522)
9

+ -
(I=p1)(1 —p2)
gives a representation in which 1 — p2 becomes the domina-
ting factor of f. X

If there are non-dominating factors in f that are identical,
then f has repeated factors. Such repeated factors remain
identical in all bases and can not be separated by a change
of basis.

Identical non-dominating factors.

Let f = (1 —p1)---(1 —p:). Suppose 1 —p1,...,1 — ps
are non-dominating factors and p;1 = --- =ps for 1 < s < t.



If we perform Algorithm PartDomFactors on the asso-
ciated Taylor coefficients {a;};ezgo, we can only recover
the product of (1 —p1)---(1 — ps) = (1 — p1)* in its ex-
panded form. Unlike the distinct non-dominating factors,
these identical factors can not be separated by changing the
representation basis.

Let g = (1—p1)°. By reformulating the factoring of ¢ into
another factorization problem, we can recover the power s
and the irreducible factor 1 — p;.

Dully substituting variable x; by ¥; in g, we obtain another
multivariate polynomial g € Clyi, ..., yn] such that if y; =
xz;, then g = g. Now we have

g:(lipl)sy g:(liﬁl)i
in which g,p1 € C[z1,...,2,] and g, p1 € Cly1, ..., Yn].
Define another polynomial F' € Clz1, ..., Tn, Y1, -+ -, Yn]
such that
F=g—g=1-p1)°—(1—-p1)". (26)

If s =1, then F is an irreducible polynomial in C[z1, ...,

Zn, Y1, ---, Yn]. This is because p1 — p1 is irreducible in
(Clyr, .-, yn)) 21, .- 20].

If s > 2, then F can be factorized in Clz1, ..., Zn, y1,
. Ynl:

F=g-g=0-p)°=(1-p)°

= (A=p) =1 -p)) <Z(1 —p) (1 pl)“j>

j=0
s—1 ] )
=(pr —p1) <Z(1 -p)’(1 Pl)SIJ> : (27)
j=0
By considering the factorization of F over C[z1, ..., Tn,

Y1, - - -, Yn], we reformulate the problem of factorizing a mul-
tiple power of a repeated factor into the factorization of
another square-free polynomial. If I is irreducible, we con-
clude that g is irreducible. If we can factorize F', then g is a
multiple power of an irreducible polynomial 1—p;. From the
factorization of F' in (27), we can determine the irreducible
factor 1 — p1. Once both g and p; are known, the multiple
power of s is determined by multideg(g) = s - multideg(p1).

Algorithm: PowerFactors <floating point>

Given a polynomial g(z1,...,z,) € Clz1,...,zy] in its ex-
panded form such that g = (1—p1)° and 1—p; is irreducible.
Determine whether s = 1; if not, determine s and 1 — p; in
floating point arithmetic.

(1) [Factorize F'.] Define F' € Clz1,...,Zn,Y1,---,Yn] as in
(26). Note that the constant of F' is zero. In order to
factorize I’ from the associated Taylor expansion, we
need to introduce a constant term. So we form F by
representing F' in a shifted basis 1 = x1+01,...,Tn =
Tn+0n, Y1 =Y1+S1,--,Yn = Yn +Sn. Perform Algo-
rithm PartDomFactors to factorize F'.

(2) [Determine s and 1 — p1.] If F, hence F, cannot be
factorized, then s = 1 and g = 1 — p1 is irreducible.
Otherwise, from the factorization 1 — p; can be de-
termined. Once 1 — p; is obtained, s is computed as
multideg(g) = s - multideg(p1).
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4. COMPLETE FACTORIZATION AND
IRREDUCIBILITY TESTING

Our method to extract one or more polynomial factors
from a given polynomial f assumes that f is the numeri-
cal representation of either a factorizable or an irreducible
polynomial. A different problem is that of so-called approx-
imate factorization, where one returns the factorization of a
factorizable polynomial that is closest to f in some sense, re-
gardless whether f is numerically irreducible or not. For sig-
nificant noise it remains to be answered whether our method
can be adapted for this purpose.

As far as computational effort is concerned, our method
depends on the size of the extracted factors rather than on
the size of the input polynomial.

A multivariate polynomial is a product of a finite number
of irreducible factors. As each irreducible factor can be ex-
tracted, our approach can lead to the complete factorization
of multivariate polynomials and, as a by-product, an irre-
ducibility test. Both of them belong to our current research
and are commented below.

Toward complete factorization.

For a given multivariate polynomial f = (1 —p1)---(1 —
pt), a subset of its irreducible factors can be extracted from
the Taylor expansion of 1/f. Such extracted factors, 1 —
piy...,1 —ps, 1 < s < t, can be the dominating factor,
partially dominating factors, or non-dominating factors.

Let hy = (1 —p1)--- (1 —ps). We continue to extract irre-
ducible factors from f1 = f/h1. Since there are only finitely
many irreducible factors in f, all irreducible factors can be
extracted after repeating this procedure. An approximate
polynomial division can be found in [15]. But perturbation
can be introduced after each approximate polynomial divi-
sion.

On the other hand, by shifting and rotating the basis in
the polynomial representation, the dominating, partially do-
minating, or non-dominating factors to be extracted can
change type. If each time different irreducible factors are
extracted from the given polynomial f, then eventually all
irreducible factors are extracted. Compared to polynomial
division, changing the basis does not perturb the input poly-
nomial. However, in order to achieve complete factorization,
an effective strategy for changing basis is required such that
the extraction of all irreducible factors can be guaranteed.

Toward an irreducibility test.

A factorizable polynomial without a dominating factor
can pass Algorithm SemilrredTest. By performing Algo-
rithm SemiIrredTest on a set of j’s that intersects with
subsets associated with partially dominating factors, a poly-
nomial with partially dominating factors can be captured.

Still, a factorizable polynomial with non-dominating fac-
tors can pass the above modified test. Following the dis-
cussion in §3.3, the changing of basis in the polynomial rep-
resentation and Algorithm PowerFactors for factoring re-
peated factors provide us with tools to design an absolute
irreducibility test for complex multivariate polynomials in
floating point arithmetic.

Acknowledgements

We thank Markus Hitz, Erich Kaltofen, and an anonymous
referee for their valuable remarks.



5.
1]

[10]

REFERENCES

CORLESS, R. M., GALLIGO, A., KOTSIREAS, I. S.,
AND WATT, S. M. A geometric-numeric algorithm for
absolute factorization of multivariate polynomials. In
ISSAC ’02: Proc. of 2002 Int. Symp. Symbolic and
Algebraic Comp. (2002), T. Mora, Ed., ACM,

pp. 37-45.

CORLESS, R. M., GIESBRECHT, M. W., vAN HOELJ,
M., KOTSIREAS, 1. S.; AND WATT, S. M. Towards
factoring bivariate approximate polynomials. In
ISSAC ’01: Proc. of 2001 Int. Symp. Symbolic and
Algebraic Comp. (2001), B. Mourrain, Ed., ACM,

pp. 85-92.

Cox, D., LiTTLE, J., AND O’SHEA, D. Ideals,
Varieties and Algorithms, third ed. Springer, New
York, 2007.

GALLIGO, A., AND RUPPRECHT, D. Semi-numerical
determination of irreducible branches of a reduced
space curve. In ISSAC ’01: Proc. of 2001 Int. Symp.
Symbolic and Algebraic Comp. (2001), B. Mourrain,
Ed., ACM, pp. 137-142.

GALLIGO, A., AND VAN HOELJ, M. Approximate
bivariate factorization: a geometric viewpoint. In SNC
’07: Proc. of 2007 Int. Workshop Symbolic-Numeric
Comp. (2007), J. Verschelde and S. M. Watt, Eds.,
ACM, pp. 1-10.

GALLIGO, A., AND WATT, S. A numerical absolute
primality test for bivariate polynomials. In ISSAC ’97:
Proc. of 1997 Int. Symp. Symbolic and Algebraic
Comp. (1997), W. Kiichlin, Ed., ACM, pp. 217-224.
GAo, S., KALTOFEN, E., MAY, J., YANG, Z., AND
ZHi1, L. Approximate factorization of multivariate
polynomials via differential equations. In ISSAC ’04:
Proc. of 2004 Int. Symp. Symbolic and Algebraic
Comp. (2004), J. Gutierrez, Ed., ACM, pp. 167-174.
HENRICI, P. Applied and computational complex
analysis 1. John Wiley, New York, 1974.

Hitz, M. A., KALTOFEN, E., AND LAKSHMAN, Y. N.
Efficient algorithms for computing the nearest
polynomial with a real root and related problems. In
ISSAC ’99: Proc. of 1999 Int. Symp. Symbolic and
Algebraic Comp. (1999), S. Dooley, Ed., ACM,

pp. 205-212.

Huang, Y., Wu, W., STETTER, H. J., AND ZHI, L.
Pseudofactors of multivariate polynomials. In ISSAC
’00: Proc. of 2000 Int. Symp. Symbolic and Algebraic
Comp. (2000), C. Traverso, Ed., ACM, pp. 161-168.

44

(11]

(12]

(13]

(14]

KALTOFEN, E. Fast parallel absolute irreduibility
testing. J. Symbolic Comp. 1, 1 (1985), 57-67. misprint
corrections: J. Symbolic Comp. vol.9 p.320 (1989).
KALTOFEN, E. Polynomial factorization 1987-1991. In
Proc. LATIN ’92 (1992), 1. Simon, Ed., vol. 583 of
LNCS, Springer Verlag, pp. 294-313.

KALTOFEN, E., AND LEE, W.-S. Early termination in
sparse interpolation algorithms. J. Symbolic Comp.
36, 3-4 (2003), 365-400.

KALTOFEN, E.; AND MAY, J. On approximate
irreducibility of polynomials in several variables. In
ISSAC ’03: Proc. of 2003 Int. Symp. Symbolic and
Algebraic Comp. (2003), J. Sendra, Ed., ACM,

pp. 161-168.

KArLTOFEN, E., MAY, J. P., YANG, Z., AND ZHI, L.
Approximate factorization of multivariate polynomials
using singular value decomposition. J. Symbolic
Comp. 43,5 (2008), 359-376.

MAsSEY, J. L. Shift-register synthesis and BCH
decoding. IEEE Trans. Inf. Theory 1T-15 (1969),
122-127.

Nacasaka, K. Towards certified irreducibility testing
of bivariate approximate polynomials. In ISSAC ’02:
Proc. of 2002 Int. Symp. Symbolic and Algebraic
Comp. (2002), T. Mora, Ed., ACM, pp. 192-199.
Nacasaka, K. Towards more accurate separation
bounds of empirical polynomials II. In CASC "05:
Proc. of 8th Int. Workshop Computer Algebra in Sci.
Comp. (2005), V. Ganzha, E. Mayr, and

E. Vorozhtsov, Eds., vol. 3718 of LNCS, Springer
Verlag, pp. 318-329.

SAsAkI, T. Approximate multivariate polynomial
factorization based on zero-sum relations. In ISSAC
’01: Proc. of 2001 Int. Symp. Symbolic and Algebraic
Comp. (2001), B. Mourrain, Ed., ACM, pp. 284-291.
SAsAKI, T., SUuzUKI, M., KOLAR, M., AND SASAKI,
M. Approximate factorization of multivariate
polynomials and absolute irreducibility testing. Japan
J. Industrial and Applied Math. 8, 3 (1991), 357-375.
SOMMESE, A. J., VERSCHELDE, J., AND WAMPLER,
C. W. Numerical factorization of multivariate
complex polynomials. Theor. Comput. Sci. 315, 2-3
(2004), 651-669.

STOUTEMYER, D. R. Multivariate partial fraction
expansion. ACM Comm. in Comput. Algebra 42, 4
(2008), 206—-210.



