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This script depends on the random number generator state.
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Example Figure 3.

We use the following notation: φ(t) =
n∑

j=1

αi exp(µit), where αi = βi exp(iγi)

and µi = ψi + iωi.

We consider the practical computation of the CRLB provided in [24] and il-
lustrate the relationship between the CRLB and the disposedness ρi of λi, i =
1, . . . , n. Take the same toy example and add white circular Gaussian noise of
varying signal to noise ratio (SNR). In Figure 3 we graph the root mean square
of the vector of CRLB’s for the parameters ωi, i = 1, . . . , 10, and this for de-
creasing SNR in three different situations: ∆ = 1/Ω with N = 200 samples
φj (blue triangles), ∆ = 10/Ω with N = 200 samples φj (green squares) and
∆ = 10/Ω with N = 20 samples φj (red circles). Note that multiplying ∆ by
u = 10 while maintaining N = 200 implies that the signal is sampled over a
larger time interval, while multiplying ∆ by u = 10 and dividing N by u = 10
does not enlarge the observation window.

b = exp(2*pi*1i*(0:9)/100);

bu = exp(2*pi*1i*(0:9)/10);

c = ones(size(b));

params1 = MultiExponentialParameters(100,{b,c},’normalized’);

params2 = MultiExponentialParameters(10,{bu,c},’normalized’);
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params3 = MultiExponentialParameters(10,{bu,c},’normalized’);

nsamples = [200,200,20];

signal1 = params1.construct(nsamples(1));

signal2 = params2.construct(nsamples(2));

signal3 = params3.construct(nsamples(3));

SNR = 0:5:100;

CRLB = {zeros(4,numel(SNR)),zeros(4,numel(SNR)),...

zeros(4,numel(SNR))};

for k=1:numel(SNR)

signal1.remove_noise;

signal2.remove_noise;

signal3.remove_noise;

sigma1 = signal1.add_white_gaussian_noise(SNR(k),’db’);

sigma2 = signal2.add_white_gaussian_noise(SNR(k),’db’);

sigma3 = signal3.add_white_gaussian_noise(SNR(k),’db’);

[a1,d1,f1,p1] = params1.crlb(sigma1,nsamples(1));

[a2,d2,f2,p2] = params2.crlb(sigma2,nsamples(2));

[a3,d3,f3,p3] = params3.crlb(sigma3,nsamples(3));

M1 = [a1;d1;f1;p1];

M2 = [a2;d2;f2;p2];

M3 = [a3;d3;f3;p3];

CRLB{1}(:,k) = sqrt(mean(M1.^2,2));

CRLB{2}(:,k) = sqrt(mean(M2.^2,2));

CRLB{3}(:,k) = sqrt(mean(M3.^2,2));

end

for k = [3,1,2,4]

figure

semilogy(SNR,CRLB{1}(k,:),’b-^’)

hold on

semilogy(SNR,CRLB{2}(k,:),’g-s’)

semilogy(SNR,CRLB{3}(k,:),’r-o’)

end

figure(1)

title([’Figure 3. Root mean square of the CRLB vector of the ’...

’\omega_i, i=1,...,10, respectively for \Omega=100, ’...

’N=200 (blue) \Omega=10, N=200 (green), \Omega=10, ’...

’N=20 (red).’])

figure(2)

title([’Root mean square of the CRLB vector of the \beta_i, ’...

’i=1,...,10, respectively for \Omega=100, N=200 (blue)’...

’ \Omega=10, N=200 (green), \Omega=10, N=20 (red).’])

figure(3)

title([’Root mean square of the CRLB vector of the \psi_i, ’...
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’i=1,...,10, respectively for \Omega=100, N=200 (blue)’...

’ \Omega=10, N=200 (green), \Omega=10, N=20 (red).’])

figure(4)

title([’Root mean square of the CRLB vector of the \gamma_i, ’...

’i=1,...,10, respectively for \Omega=100, N=200 (blue)’...

’ \Omega=10, N=200 (green), \Omega=10, N=20 (red).’])
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Figure 3. Root mean square of the CRLB vector of the 
i
, i=1,...,10, respectively for =100, N=200 (blue) =10, N=200 (green), =10, N=20 (red).
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Root mean square of the CRLB vector of the 
i
, i=1,...,10, respectively for =100, N=200 (blue) =10, N=200 (green), =10, N=20 (red).

0 10 20 30 40 50 60 70 80 90 100
10

-16

10
-14

10
-12

10
-10

10
-8

10
-6

10
-4

10
-2

Root mean square of the CRLB vector of the 
i
, i=1,...,10, respectively for =100, N=200 (blue) =10, N=200 (green), =10, N=20 (red).
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Root mean square of the CRLB vector of the 
i
, i=1,...,10, respectively for =100, N=200 (blue) =10, N=200 (green), =10, N=20 (red).
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